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Abstract
Exact construction of superstring field theory in some background fields is very important. We con-
struct the low energy NS-NS sector of superstring field action in the pp-wave background with the flux
of NS-NS antisymmetric tensor field (NS-NS pp-wave) without gauge fixing up to the second-order where
the action is world-sheet BRST invariant. Here we use the word “covariant” in a invariant theory for a
symmetric transformation of the pp-wave background which is not the Lorentz transformation in the flat
background. Moreover we prove the exact correspondence between this low energy action and the second-
order perturbation of supergravity action in the same background. We also prove the correspondence of
the gauge transformation in both the actions. This construction is based on the BRST first quantization of
superstrings in the pp-wave background in our previous paper.
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1 Introduction
Exact construction of superstring field theory in some general backgrounds is very important. Historically
light-cone string field theory is firstly constructed in the flat background [1][2], after that, covariant string
field theory is constructed [3]-[6]. String field theory without gauge fixing is the theory that equations of
motion and interactions are determined by the gauge symmetry so that the construction of string field theory
in the general backgrounds enables us to obtain the deeper understanding of fundamental low of physics.
At present in the case of the R-R pp-wave background, light-cone superstring field thory is constructed
[7]-[10], however complete “covariant” superstring field thory without gauge fixing in the background is not
constructed yet. Recently exact first quantization of superparticle in the AdS background is constructed
in [11], however first quantization of superstrings has not been constructed yet. As an example, the low
energy state of superstring field theory in the flat background based on the first quantization is proposed by
Berkovits [12] so that we exactly prove the construction of the low energy state of superstring field theory
in the NS-NS pp-wave background using the proporsal and results in our previous papers [13][14].
As a first step for understanding superstring field theory in the general backgrounds, exact construction
of superstring field theory in the case of pp-wave background has a deep meaning. The reason is that we
can calculate superstring field theory in this background without contradiction and we can compare it with
coresponding supergravity. Here the supergravity action is derived by comformal imvariance of superstring
theory in some backgrounds [15]. As we know, taking the Penrose limit on some spacetimes near the
null geodesic, they become a pp-wave background [16], which is generalized by [17] and [18] in the case
of the spacetime with NS-NS and R-R flux. So that first of all, it is important to perfectly understand
superstring theory in this simple background before understanding some general backgrounds. Historically
first quantization of (super)string theory in the pp-wave background have been performed by fixing the
light-cone gauge for a long time [19]-[24] and after these research, the light-cone superstring field theory
in R-R pp-wave background is constructed [7]-[10], however we can not obtain deeper knowledge between
superstring theory and background fields from the light-cone gauge quantization because it maps to a free
field theory in this gauge fixing. Therefore we perform the BRST first quantization of superstring theory
and construct the general solutions defined as Heisenberg operator solutions which are called the general
operator solutions in the NS-NS pp-wave background in our previous papers [13][14].
In this paper we exactly construct superstering field theory without interactions in the NS-NS pp-wave
background based on the general operator solutions and free-mode expansions of them which are called
the free-mode representations in our previous papers [13][14]. Moreover, we particularly notice the low
energy state of NS-NS sector of this string field whose construction is based on [12]. Then we confirm
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the correspondence between NS-NS sector of supersteing field action and the second-order perturbation of
supergravity action without R-R fields and fermionic fields in the same NS-NS pp-wave background. In
this construction, the modes defined by the general operator solutions play an important roll, because these
modes have the linear dependence of coordinates which enables us to reproduce the Christoffel symbol and
the covariant derivative at the standpoint of superstring field theory. We also confirm the gauge symmetry
in both supersting field theory and supergravity in this pp-wave background.
This paper is organized as follows. In section 2, we prepare for the construction of superstring field theory
in the NS-NS pp-wave background. This construction is based on the general operator solutions and the free
mode representations that we construct in our previous paper so that first we write up them. We also explain
the super-Virasoro operator and BRST operator in this background. In section 3, we define the low energy
string field action. Here construction of the low energy state is important. In the construction we use new
modes constructed from free modes. The caracteristic point of these modes is coordinate dependence which
playes an important role. Because of the coordinate dependence we have to note the differential operator.
In the last part of this seciton we write up the usefull formulae. In section 4, we calculate the component of
superstring field action constructed in section 3. In section 5, we compare the low energy superstring field
action to the second-order perturbation of supergravity action and we confirm the correspondence between
them. In section 6, we compare the gauge transformation at the standpoint of superstring field theory to
the corresponding supergravity. In section 7, we summerize this paper. In appendix A, we represent the
BRST transformations of all the free modes in the NS-NS pp-wave background. In appendix B, we define
the modes based on the general operator solutions and the free-mode representations.
2 Preliminaries
In this section we write up the definition based on our previous paper. In our previous paper we constructed
the general solutions and the covariant canonical quantization of the Ramond-Neveu-Schwarz (RNS) super-
strings in the NS-NS pp-wave background. These geneal solutions and Heisenberg operator solutions are
called the general operator solutions. The NS-NS pp-wave background is
ds2 = gµνdx
µdxν = −µ2z∗zdx+dx+ − 2dx+dx− + dz∗dz + dxkdxk, (2.1)
B+z = − i
2
µz∗, B+z∗ = +
i
2
µz, (2.2)
where we use the light-cone coordinates x± = 1√
2
(x0±x1), complex coordinates z = x2+ ix3, z∗ = x2− ix3,
spacetime Greek indices run over +,−, z, z∗, k (where k runs over 4, · · · , 9) and the coefficient µ is a constant
which denotes the strength of NS-NS pp-wave background. We also use the world-sheet light-cone coordinates
σ± = τ ± σ. First we explain the general operator solutions for bosonic fields and fermionic fields, however
they tangle in each other complicatedly so that we explain the details after showing the forms of the solutions.
The general operator solutions for the world-sheet bosonic fields namely the string coordinates Xµ(τ, σ) are
X+(τ, σ) = X+L (σ
+) +X+R (σ
−), (2.3)
X−(τ, σ) = X−0L(σ
+) +X−0R(σ
−)
+X−1B(σ
+, σ−) +X−1F(σ
+, σ−) +
iµ
2
[
f(σ+)g∗(σ−)− f∗(σ+)g(σ−)] , (2.4)
Z(τ, σ) = e−iµX˜
+ [
f(σ+) + g(σ−)
]
, (2.5)
Z∗(τ, σ) = eiµX˜
+ [
f∗(σ+) + g∗(σ−)
]
, (2.6)
Xk(τ, σ) = XkL(σ
+) +XkR(σ
−). (2.7)
The general operator solutions for the world-sheet fermionic fields ψµ±(τ, σ) (where sub indeces ± denote
spinor indeces) which are superpartner of the string coordinates are
ψ+±(τ, σ) = ψ
+
±(σ
±), (2.8)
ψ−±(τ, σ) = ψ
−
0±(σ
±)∓ iµ
2
[
f(σ+) + g(σ−)
]
λ∗±(σ
±)± iµ
2
[
f∗(σ+) + g∗(σ−)
]
λ±(σ±), (2.9)
ψZ±(τ, σ) = e
−iµX˜+ [λ±(σ±)∓ iµψ+±(σ±){f(σ+) + g(σ−)}] , (2.10)
ψZ∗± (τ, σ) = e
iµX˜+
[
λ∗±(σ
±)± iµψ+±(σ±)
{
f∗(σ+) + g∗(σ−)
}]
, (2.11)
ψk±(τ, σ) = ψ
k
±(σ
±). (2.12)
We explain the details in the general operator solutions. L and R indicate the left-moving and the right-
moving parts respectively whose fields are arbitrary bosonic periodic functions of σ±. Here X˜+ = X+L −X+R .
ψ+±(σ
±), ψ−0±(σ
±) and ψk±(σ
±) are arbitrary periodic or antiperiodic fermionic functions of σ± respectively.
f(σ+), g(σ−) are twisted bosonic functions of σ+ or σ− and λ±(σ±) are twisted fermionic functions of σ±
respectively. The twisted boundary conditions are f(σ+ + 2π) = e2πiµˆf(σ+), g(σ− − 2π) = e2πiµˆg(σ−) and
λ+(σ
+ + 2π) = ±e2πiµˆλ+(σ+), λ−(σ− − 2π) = ±e2πiµˆλ−(σ−) where + sign denotes R sector and − sign
denotes NS sector. Here we define µˆ = µα′p+. In (2.4) X−0R and X
−
0L are the fields which do not contain the
fields f, g, λ± and their Hermitian conjugates however X−1B and X
−
1F contain these fields:
X−1B =
iµ
2
[∫
dσ+ : (f∗∂+f − ∂+f∗f) : −
∫
dσ− : (g∗∂−g − ∂−g∗g) :
]
− µJBσ, (2.13)
X−1F =
µ
2
[∫
dσ+ : λ∗+λ+ : −
∫
dσ− : λ∗−λ− :
]
− µJFσ. (2.14)
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Here the integrals are indefinite integrals, and we choose the constants of integration to be zero. Moreover
JB and JF are
JB =
i
4π
[∫ 2π
0
dσ+ : (f∗∂+f − ∂+f∗f) : +
∫ 2π
0
dσ− : (g∗∂−g − ∂−g∗g) :
]
, (2.15)
JF =
1
4π
[∫ 2π
0
dσ+ : λ∗+λ+ : +
∫ 2π
0
dσ− : λ∗−λ− :
]
, (2.16)
where the symbol : : denotes normal ordering which we explain later, see (2.29) and (2.30). We can expand
the general operator solutions by using free modes, which are called the free-mode representations. The
free-mode representations of the bosonic fields are
X+L (σ
+) =
x+
2
+
α′
2
p+σ+ + i
√
α′
2
∑
n6=0
α˜+n
n
e−inσ
+
, X+R (σ
−) =
x+
2
+
α′
2
p+σ− + i
√
α′
2
∑
n6=0
α+n
n
e−inσ
−
,
(2.17)
X−0L(σ
+) =
x−0
2
+
α′
2
p−0 σ
+ + i
√
α′
2
∑
n6=0
α˜0−n
n
e−inσ
+
, X−0R(σ
−) =
x−0
2
+
α′
2
p−0 σ
− + i
√
α′
2
∑
n6=0
α0−n
n
e−inσ
−
,
(2.18)
XkL(σ
+) =
xk
2
+
α′
2
pkσ+ + i
√
α′
2
∑
n6=0
α˜kn
n
e−inσ
+
, XkR(σ
−) =
xk
2
+
α′
2
pkσ− + i
√
α′
2
∑
n6=0
αkn
n
e−inσ
−
,
(2.19)
f(σ+) =
√
α′
∑
n∈Z
An√
|n− µˆ|e
−i(n−µˆ)σ+ , g(σ−) =
√
α′
∑
n∈Z
Bn√
|n+ µˆ|e
−i(n+µˆ)σ− , (2.20)
where we exclude that µˆ is an integer here, although we can treat it defining the solution for µˆ is an integer.
Moreover the free-mode representations of the fermionic fields are
ψ++(σ
+) =
√
α′
∑
r∈Z+ε
ψ˜+r e
−irσ+ , ψ+−(σ
−) =
√
α′
∑
r∈Z+ε
ψ+r e
−irσ− , (2.21)
ψ −0+(σ
+) =
√
α′
∑
r∈Z+ε
ψ˜0−r e
−irσ+ , ψ −0−(σ
−) =
√
α′
∑
r∈Z+ε
ψ0−r e
−irσ− , (2.22)
ψk+(σ
+) =
√
α′
∑
r∈Z+ε
ψ˜kr e
−irσ+ , ψk−(σ
−) =
√
α′
∑
r∈Z+ε
ψkr e
−irσ− , (2.23)
λ+(σ
+) =
√
2α′
∑
r∈Z+ε
λ˜re
−i(r−µˆ)σ+ , λ−(σ−) =
√
2α′
∑
r∈Z+ε
λre
−i(r+µˆ)σ− , (2.24)
where ε = 0 denotes R sector and ε = 12 denotes NS sector. Here we also exclude that µˆ is a half integer
because of avoidance of changing sector between R sector and NS sector. Here the nonvanishing commutation
relations between the modes of bosonic fieldes are
[x+, p−0 ] = [x
−
0 , p
+] = −i, [α˜+m, α˜0−n ] = [α+m, α0−n ] = −mδm+n, (2.25)
[xk, pl] = iδkl, [α˜km, α˜
l
n] = [α
k
m, α
l
n] = mδ
klδm+n, (2.26)
[Am, A
†
n] = sgn(m− µˆ)δm,n, [Bm, B†n] = sgn(m+ µˆ)δm,n. (2.27)
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Moreover the nonvanishing anticommutation relations the modes of fermionic fields are
{ψ˜+r , ψ˜0−s } = {ψ+r , ψ0−s } = −δr+s, {ψ˜kr , ψ˜ls} = {ψkr , ψls} = δklδr+s, {λ˜r, λ˜†s} = {λr, λ†s} = δr−s. (2.28)
The commutation relations between bosonic modes and fermionic modes vanish. The normal orderings of
A†nAn, B
†
nBn and λ˜
†
rλ˜r, λ
†
rλr are
: A†nAn : =
{
A†nAn, (n > µˆ)
AnA
†
n, (n < µˆ)
, : B†nBn :=
{
B†nBn, (n > −µˆ)
BnB
†
n, (n < −µˆ)
, (2.29)
: λ˜†rλ˜r : =
{
λ˜†rλ˜r, (r > µˆ)
−λ˜rλ˜†r, (r < µˆ)
, : λ†rλr :=
{
λ†rλr, (r > −µˆ)
−λrλ†r. (r < −µˆ)
. (2.30)
Substituting the free-mode representations into (2.15) and (2.16), JB and JF are rewriten as
JB = α
′∑
n∈Z
[
sgn(n− µˆ) : A†nAn : +sgn(n+ µˆ) : B†nBn :
]
, (2.31)
JF = α
′
[ ∑
r∈Z+ε
: λ˜†rλ˜r : +
∑
r′∈Z+ε
: λ†r′λr′ :
]
. (2.32)
In the case of JF we have to take care of the possibility that the left modes and the right modes belong the
different sectors, for example the left modes belong the R sector and the right modes belong the NS sector.
Finally we write up the super-Virasoro operator in the NS-NS pp-wave background. From now onward, we
use the following modes for convinience
Aˆn =
An√
|n− µˆ| , Bˆn =
Bn√
|n+ µˆ| . (2.33)
In the notations we have to note that the commutation relation between Aˆn, Bˆn and x
−
0 dose not vanish
because of [x−0 , µˆ] = −iµα′. The matter part of the bosonic super-Virasoro operators are
L˜Mn =
∑
m∈Z
[
− : α˜+n−mα˜0−m : +
1
2
: α˜kn−mα˜
k
m : +(m− n− µˆ)(m− µˆ) : Aˆ†m−nAˆm :
]
+
∑
r∈Z+ε
[
−2(r − n
2
) : ψ˜+n−rψ˜
0−
r : +
1
2
(r − n
2
) : ψ˜kn−rψ˜
k
r : +(r −
n
2
− µˆ) : λ˜†r−nλ˜r :
]
+
µ√
2α′
α˜+n (JB + JF), (2.34)
LMn =
∑
m∈Z
[
− : α+n−mα0−m : +
1
2
: αkn−mα
k
m : +(m− n+ µˆ)(m+ µˆ) : Bˆ†m−nBˆm
]
+
∑
r∈Z+ε
[
−(r − n
2
) : ψ+n−rψ
0−
r : +
1
2
(r − n
2
) : ψkn−rψ
k
r : +(r −
n
2
+ µˆ) : λ†r−nλr :
]
− µ√
2α′
α+n (JB + JF). (2.35)
Moreover the matter part of the fermionic super-Virasoro operators are
G˜Mr =
∑
n∈Z
[
−ψ˜+r−nα˜0−n − ψ˜0−r−nα˜+n + ψ˜kr−nα˜kn + i(n− µˆ)(λ˜n+rAˆ†n − λ˜†n−rAˆn)
]
+
µ√
2α′
ψ˜+r (JB + JF), (2.36)
GMr =
∑
n∈Z
[
−ψ+r−nα0−n − ψ0−r−nα+n + ψkr−nαkn + i(n+ µˆ)(λn+rBˆ†n − λ†n−rBˆn)
]
− µ√
2α′
ψ+r (JB + JF). (2.37)
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In the end of this section, we write up the ghost part of the super-Viraso operators and the BRST operator.
Since the ghost modes are generally not influenced by backgronund fields, these are same modes in the flat
background. They are
L˜ghn =
∑
m∈Z
(n+m) : b˜n−mc˜m : +
1
2
∑
r∈Z+ε
(3n− 2r) : γ˜n−rβ˜r :, (2.38)
Lghn =
∑
m∈Z
(n+m) : bn−mcm : +
1
2
∑
r∈Z+ε
(3n− 2r) : γn−rβr :, (2.39)
G˜ghr = −2
∑
s∈Z+ε
b˜r−sγ˜s +
1
2
∑
s∈Z+ε
(s− 3r)c˜r−sβ˜s, (2.40)
G˜ghr = −2
∑
s∈Z+ε
b˜r−sγ˜s +
1
2
∑
s∈Z+ε
(s− 3r)c˜r−sβ˜s. (2.41)
where b˜n(bn), c˜n(cn) and β˜r(βr), γ˜r(γr) are left and right modes of the ghost fields. Then the BRST operator
is
QB =
∑
m∈Z
:
[
L˜Mm +
1
2
L˜ghm − aδm,0
]
c˜−m : +
∑
r∈Z+ε
:
[
G˜Mr +
1
2
G˜ghr
]
γ˜−r :
+
∑
m∈Z
:
[
LMm +
1
2
Lghm − aδm,0
]
c−m : +
∑
r∈Z+ε
:
[
GMr +
1
2
Gghr
]
γ−r : . (2.42)
Here ordering constant of the super-Virasoro operator a is determined by the nilpotency of the BRST
operator in the NS-NS pp-wave background so that the result is
a =
{
0 R sector
| 12 − (µˆ− [µˆ])| NS sector,
(2.43)
where [x] is the greatest integer that is not beyond x, namely, the Gauss’ symbol and this result is the
same as our previous paper. We write up the BRST transformations of free modes in the NS-NS pp-wave
background in appendix A.
3 Low energy string field action in the NS-NS pp-wave
In this section, we define the low energy superstring action based on the general operator solutions and the
free mode representations represented by the previous section. Next we define the low energy state, the
newly defined modes and represent the low energy super-Virasoro operator by using the new modes. In the
last part of this section we represent the useful formulae. First we define string field action as
S = −1
2
ΦQBΦ, (3.1)
where we do not consider the interaction terms because of simplicity. Here the string field Φ and the BRST
operator QB have the intricate interaction in the NS-NS pp-wave background, which is different from the
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case of the flat background. For closed string field, the action is defined as
S = −1
2
∫
d10x〈Φ(x)|QBb−0 |Φ(x)〉, (3.2)
where b−0 is the ghost which vanish a half degree of freedom of closed string field. Here ghosts b
±
0 , c
±
0 are
defined by using b˜0, b0 and c˜0, c0,
b±0 = b0 ± b˜0, c±0 = c0 ± c˜0. (3.3)
The non-vanishing anticommutation relation for ghosts is {b±0 , c±0 } = 1. The grand state | ↓↓〉 is vanished by
all the anihilation modes. Moreover these down arrows are fliped by c±0 . Here we define | ↑↑〉 = c+0 c−0 | ↓↓〉
and 〈↓↓ | ↑↑〉 = 〈↑↑ | ↓↓〉 = 1, 〈↓↓ | ↓↓〉 = 〈↑↑ | ↑↑〉 = 0. We also use the folloing notation for short:
〈O〉 = 〈↓↓ |O| ↑↑〉 = 〈↑↑ |O| ↓↓〉, where O is an operator for something. Here we consider the NS-NS sector
of the low energy state |Φ(x)〉 is definded by using the component fields, the low energy creation modes and
the ground state:
|Φ(x)〉 = c−0
[
e+µν(x)ψ˜
µ
−1/2ψ
ν
−1/2 + φ(x)β˜−1/2γ−1/2 + s(x)γ˜−1/2β−1/2
+ c+0 {Bµ(x)β˜−1/2ψµ−1/2 + Eµ(x)ψ˜µ−1/2β−1/2}
]
| ↓↓〉, (3.4)
where e±µν(x) = hµν(x) ± bµν(x). Here hµν(x) denotes the gravitational field, bµν(x) denotes the NS-
NS antisymmetric tensor field and φ(x), s(x) denote the scalar fields and Bµ, Eµ denote auxiliary fields.
Moreover ψ˜µ−1/2, ψ
µ
−1/2 are low energy modes which we explain later (3.7)-(3.10), and β˜−1/2, β−1/2 and
γ˜−1/2, γ−1/2 are ghosts whose commutation relations are [γ˜±1/2, β˜∓1/2] = 1, [γ±1/2, β∓1/2] = 1. Usually
the state is expanded by using the infinite number of component fields, however we particularly notice the
low energy fields, which is the most characteristic point. Moreover we have to note that this construction
is based on the paper by Berkovits [12], however in our construction, the low energy state is defined in the
NS-NS pp-wave background, so that the modes ψ˜µ−1/2, ψ
µ
−1/2 are influenced by the background. The state
〈Φ(x)| is defined as Hermitian conjugate of |Φ(x)〉:
〈Φ(x)| = 〈↓↓ |
[
ψα1/2ψ˜
β
1/2e
−
αβ(x)− γ1/2β˜1/2φ(x) − β1/2γ˜1/2s(x)
+ {ψα1/2β˜1/2Bα(x) + β1/2ψ˜α1/2Eα(x)}c+0
]
c−0 . (3.5)
Here e+µν terns into e
−
µν because of the property of antisymmetric tensor field bµν and the minus sign in front
of the scalar fields comes from anti-Hermiticity of β˜r, βr whose Hermitian conjugates are β˜
†
r = −β˜−r, β†r =
−β−r (e.g. see [25]). The BRST operater (2.42) becomes the following form in this low energy case:
QB =
[
L˜M0 + L
M
0 − 1 + 2µˆ−
1
2
(γ˜−1/2β˜1/2 − β˜−1/2γ˜1/2 + γ−1/2β1/2 − β−1/2γ1/2)
]
c+0
+ G˜M−1/2γ˜1/2 + G˜
M
1/2γ˜−1/2 +G
M
−1/2γ1/2 +G
M
1/2γ−1/2 − (γ˜−1/2γ˜1/2 + γ−1/2γ1/2)b+0 + · · · , (3.6)
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where the last term of · · · means high energy parts. From now on we restrict the eigen value of µˆ to a
real number in 0 < µˆ < 12 because of the simplicity. In the modes ψ˜
µ
±1/2, ψ
µ
±1/2 which are contained in the
low energy states, the components of µ = +, k are same definition as free mode representation, however the
components of µ = z, z∗,− are defined as
ψ˜z±1/2 =
√
2λ˜±1/2 − iµzψ˜+±1/2, (3.7)
ψz±1/2 =
√
2λ±1/2 + iµzψ
+
±1/2, (3.8)
ψ˜−±1/2 = ψ˜
0−
±1/2 −
iµ√
2
[zλ˜†∓1/2 − z∗λ˜±1/2], (3.9)
ψ−±1/2 = ψ
0−
±1/2 +
iµ√
2
[zλ†∓1/2 − z∗λ±1/2], (3.10)
where z∗ component is obtained by taking Hermitian conjugate of z component. The details of the definition
of these modes are explained in Appendix B, especially (B.24) and (B.25). In these equation, the coordinate
dependence comes from
Aˆ0 + Bˆ0 =
1√
α′
z, Aˆ†0 + Bˆ
†
0 =
1√
α′
z∗, (3.11)
whose relations also explained in (B.13). We have to note that these modes depend on the coordinates of
z, z∗ linearly. In the case of more general backgrounds, we expect that modes depend on more general
functions of coordinates. The nonvanishing anticommutation relations of these modes are culculated by
using anticommutation relations of the free modes (2.28),
{ψ˜µ±1/2, ψ˜ν∓1/2} = {ψµ±1/2, ψν∓1/2} = gµν , (3.12)
which become contravariant metric of NS-NS pp-wave background (2.1). Using the new modes (3.7)-(3.10)
the bosonic super-Virasoro operator (2.34), (2.35) and the fermionic super-Virasoro operator (2.36), (2.37)
become the following form in the low energy case:
L˜M0 + L
M
0 = −
α′
2
(gρσ∂ρ∂σ + 2iµ∂−) +
1
2
gρσ(: ψ˜
ρ
−1/2ψ˜
σ
1/2 : + : ψ
ρ
−1/2ψ
σ
1/2 :)− iµKF∂− + · · · , (3.13)
G˜M±1/2 =
√
α′
2
(−iψ˜µ±1/2∂µ +
µ
α′
ψ˜+±1/2JF) + · · · , GM±1/2 =
√
α′
2
(−iψµ±1/2∂µ −
µ
α′
ψ+±1/2JF) + · · · , (3.14)
where · · · means high energy parts and JB is canceled out in this representation. Here the new operator KF
is defined as
KF = α
′ ∑
r=±1/2
[
: λ˜†rλ˜r : − : λ†rλr :
]
. (3.15)
Although the operator JF in eq. (2.32) is defined by summation over all the harf integer, the new operator
KF is defined by summation over only ±1/2. However looking at the low energy level, the difference between
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JF and KF is the sign of the right moving modes so that we can calculate the commutation relation for KF
using the commutaion relation for JF
[KF, ψ˜
µ
±1/2] = +[JF, ψ˜
µ
±1/2], (3.16)
[KF, ψ
µ
±1/2] = −[JF, ψµ±1/2]. (3.17)
Moreover we have to note the definition of differential operator ∂µ, namely zero mode of bosonic fields:
α˜+0 = α
+
0 = i
√
α′
2
∂−, α˜0−0 = α
0−
0 = i
√
α′
2
∂+, α˜
k
0 = α
k
0 = −i
√
α′
2
∂k, (3.18)
Aˆ0 =
1
2
√
α′
(z − 2α′µˆ−1∂z∗), Bˆ0 = 1
2
√
α′
(z + 2α′µˆ−1∂z∗), (3.19)
Aˆ†0 =
1
2
√
α′
(z∗ + 2α′µˆ−1∂z), Bˆ
†
0 =
1
2
√
α′
(z∗ − 2α′µˆ−1∂z), (3.20)
where the operators Aˆ0, Bˆ0 and their Hermitian conjugates are harmonic oscillator which contain coordinates
explained in (B.16).
In the end of this section, we explain the outline for the following section whose perpose is calculation of
the action by using component fields specifically. The super-Virasoro operator in the BRST operator contain
the differential operator ∂µ and the special operators namely JF and KF. According to the definition of
the action, these operators operate on the state which contain ψ˜µ±1/2, ψ
µ
±1/2. Since these modes have linear
dependence on the coordinates z, z∗, we have to note the differential operator ∂z, ∂z∗ so that ∂µ operates
on not only the fields but also the modes. Moreover we have to calculate that JF and KF operate on
the modes. After this culculation, finally we take expectation value by using (3.12), namely they become
〈ψ˜µ1/2ψ˜ν−1/2〉 = 〈ψµ1/2ψν−1/2〉 = gµν . The series of these calculations leads us to the action of component fields.
In these calculations, we had better write up some useful formulae. First after differentiating the modes
(3.7)-(3.10), we represent the modes without λ˜±1/2, λ±1/2 and their Hermitian conjugates by using (3.7),
(3.8) again. The results are
∂αψ˜
µ
±1/2 =−
iµ
2
(ψ˜z∗±1/2 − iµz∗ψ˜+±1/2)δzαδµ− − iµψ˜+±1/2δzαδµz
+
iµ
2
(ψ˜z±1/2 + iµzψ˜
+
±1/2)δ
z∗
α δ
µ
− + iµψ˜
+
±1/2δ
z∗
α δ
µ
z∗, (3.21)
∂αψ
µ
±1/2 =
iµ
2
(ψz∗±1/2 + iµz
∗ψ+±1/2)δ
z
αδ
µ
− + iµψ
+
±1/2δ
z
αδ
µ
z
− iµ
2
(ψz±1/2 − iµzψ+±1/2)δz∗α δµ− − iµψ+±1/2δz∗α δµz∗. (3.22)
Therefore the following expectation values are calculated as
〈ψ˜µ1/2∂ρψ˜ν−1/2〉 =−
iµ
2
(gµz∗ − iµz∗gµ+)δzρδν− − iµgµ+δzρδνz
+
iµ
2
(gµz + iµzgµ+)δz∗ρ δ
ν
− + iµg
µ+δz∗ρ δ
ν
z∗, (3.23)
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〈ψµ1/2∂ρψν−1/2〉 =
iµ
2
(gµz∗ + iµz∗gµ+)δzρδ
ν
− + iµg
µ+δzρδ
ν
z
− iµ
2
(gµz − iµzgµ+)δz∗ρ δν− − iµgµ+δz∗ρ δνz∗. (3.24)
Since the expectation value of modes represents the inverse metric, these differential operator sandwiched
between modes roughly represent like the Christoffel symbol from the standpoint of superstiring field theory.
In the next place, we represent the fomulae of the commutation relation between JF and modes, according
to the relations (3.16) and (3.17), we need not represent the fomulae on KF:
[JF, ψ˜
µ
±1/2] = α
′
{
− iµ
2
(zψ˜z∗±1/2 + z
∗ψ˜z±1/2)δ
µ
− − (ψ˜z±1/2 + iµzψ˜+±1/2)δµz + (ψ˜z∗±1/2 − iµz∗ψ˜+±1/2)δµz∗
}
, (3.25)
[JF, ψ˜
µ
±1/2] = α
′
{
iµ
2
(zψz∗±1/2 + z
∗ψz±1/2)δ
µ
− − (ψz±1/2 − iµzψ+±1/2)δµz + (ψz∗±1/2 + iµz∗ψ+±1/2)δµz∗
}
. (3.26)
Moreover the expectation value become as follows:
〈ψ˜β1/2[JF, ψ˜µ−1/2]〉 = α′
{
− iµ
2
(zgβz∗ + z∗gβz)δµ− − (gβz + iµzgβ+)δµz + (gβz∗ − iµz∗gβ+)δµz∗
}
, (3.27)
〈ψα1/2[JF, ψν−1/2]〉 = α′
{
iµ
2
(zgαz∗ + z∗gαz)δν− − (gαz − iµzgα+)δνz + (gαz∗ + iµz∗gα+)δνz∗
}
. (3.28)
Using these fomulae we can easily calculate the action of component fields.
4 Component representation of superstring field action
In this section we specifically calculate the components of superstiring field action in the NS-NS pp-wave
background. On the calcualtion, we use the modes based on the general operator solutions and some useful
formulae of these expectation values constructed in the previous section. Calculating the expectation values
we can obtain the action for graviton, antisymmetric tensor field and dilaton influenced by the NS-NS pp-
wave background. In the next section we will confirm whether this action correspond to the second-order
perturbation of supergravity action from the NS-NS pp-wave background. From the relation between creation
operator and annihilation operator for ghosts, we have already known the remaining modes so that we had
better calculate the expectation value for the ghost modes first. Using the (anti)commutation relation for
ghosts, we can eliminate ghost modes from the action. Let us start from the superstring field action
S = −1
2
∫
d10x
[
− 〈ψα1/2ψ˜β1/2e−αβ(L˜M0 + LM0 − 1 + 2µˆ)e+µν ψ˜µ−1/2ψν−1/2〉
+ 〈φ(L˜M0 + LM0 − 1 + 2µˆ)s〉+ 〈s(L˜M0 + LM0 − 1 + 2µˆ)φ〉 + 2〈sφ〉
+ 〈ψα1/2ψ˜β1/2e−αβG˜M−1/2Bµψµ−1/2〉+ 〈ψα1/2ψ˜β1/2e−αβGM−1/2Eµψ˜µ−1/2〉
+ 〈sGM1/2Bµψµ−1/2〉+ 〈φG˜M1/2Eµψ˜µ−1/2〉
− 〈ψα1/2BαG˜M1/2e+µνψ˜µ−1/2ψν−1/2〉 − 〈ψ˜α1/2EαGM1/2e+µν ψ˜µ−1/2ψν−1/2〉
11
− 〈ψ˜α1/2EαG˜M−1/2φ〉 − 〈ψα1/2BαGM−1/2s〉
+ 〈ψ˜α1/2BαBµψ˜µ−1/2〉+ 〈ψα1/2EαEµψµ−1/2〉
]
, (4.1)
which we define in the previous section by using component fields without ghost modes. Here the operator
ordering constant µˆ = µα′p+ = iα′µ∂− vanish from the action because we can make total derivative from this
operator. In the case of the two scalar fields we can make total derivative easily. φµˆs+ sµˆφ = iα′µ∂−(φs).
In the case of the tensor fields e±µν , because of the world sheet fermions ψ
µ
±1/2 not depending on x
−, we can
calculate the expectation value easily. Here we use that the expectation value of modes become contravariant
metric, 〈ψ˜µ1/2ψ˜ν−1/2〉 = 〈ψµ1/2ψν−1/2〉 = gµν . The calculation is
〈ψα1/2ψ˜β1/2e−αβµˆe+µνψ˜µ−1/2ψν−1/2〉 = iα′µgανgβµe−αβ∂−e+µν
= iα′µ∂−(hµνhµν + bµνbµν). (4.2)
Above calculation the cross terms hµν∂−bµν and bµν∂−hµν vanish automatically because of the product of
the symmetry and the antisymmetry of spacetime indices. Moreover using the following identities,∫
d10x〈ψα1/2ψ˜β1/2e−αβG˜M−1/2Bµψµ−1/2〉 = −
∫
d10x〈ψα1/2BαG˜M1/2e+µν ψ˜µ−1/2ψν−1/2〉, (4.3)∫
d10x〈ψα1/2ψ˜β1/2e−αβGM−1/2Eµψ˜µ−1/2〉 = −
∫
d10x〈ψ˜α1/2EαGM1/2e+µνψ˜µ−1/2ψν−1/2〉, (4.4)∫
d10x〈sGM1/2Bµψµ−1/2〉 = −
∫
d10x〈ψα1/2BαGM−1/2s〉, (4.5)∫
d10x〈φG˜M1/2Eµψ˜µ−1/2〉 = −
∫
d10x〈ψ˜α1/2EαG˜M−1/2φ〉, (4.6)
the action becomes simpler form. Here we can prove these identities from the Hermiticity of the action and
taking Hermitian conjugate of left hand side. The minus sign of right hand side comes from the ghosts c±0
hidden in expectation value. We can also prove them by direct calculation of the following subsection. Using
the identities the action becomes
S = −1
2
∫
d10x
[
− 〈ψα1/2ψ˜β1/2e−αβ(L˜M0 + LM0 − 1)e+µνψ˜µ−1/2ψν−1/2〉
+ 〈φ(L˜M0 + LM0 )s〉+ 〈s(L˜M0 + LM0 )φ〉
− 2Bα{〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉+ 〈ψα1/2GM−1/2s〉}
− 2Eα{〈ψ˜α1/2GM1/2e+µνψ˜µ−1/2ψν−1/2〉+ 〈ψ˜α1/2G˜M−1/2φ〉}
+BµB
µ + EµE
µ
]
. (4.7)
From the action we can derive the equation of motion for Bµ, Eµ and we substitute the solutions of the
equation of motion for the action. Then removing the auxiliary fields Bµ, Eµ, the action becomes
S = −1
2
∫
d10x
[
− 〈ψα1/2ψ˜β1/2e−αβ(L˜M0 + LM0 − 1)e+µν ψ˜µ−1/2ψν−1/2〉
12
+ 〈φ(L˜M0 + LM0 )s〉+ 〈s(L˜M0 + LM0 )φ〉 − (B¯µB¯µ + E¯µE¯µ)
]
, (4.8)
where we newly define B¯µ, E¯µ as
B¯α = 〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉+ 〈ψα1/2GM−1/2s〉, (4.9)
E¯α = 〈ψ˜α1/2GM1/2e+µνψ˜µ−1/2ψν−1/2〉+ 〈ψ˜α1/2G˜M−1/2φ〉. (4.10)
Here we have to note that B¯µ and E¯µ are no longer auxiliary fields. Moreover using gauge symmetry of s(x)
we can remove s(x) always where we discuss the gauge symmetry in section 6, especially (6.10) and (6.11).
Finally the action becomes the simplest form:
S = −1
2
∫
d10x
[
−〈ψα1/2ψ˜β1/2e−αβ(L˜M0 + LM0 − 1)e+µν ψ˜µ−1/2ψν−1/2〉 − (B¯µB¯µ + E¯µE¯µ)
]
. (4.11)
In this case the kinetic term of the dilaton field comes out from the term of E¯µE¯
µ as we understand it later.
4.1 Calculation of the bosonic super-Virasoro operator part
In this subsection we calculate the action of the bosonic super-Virasoro operator part. We name this term
S1:
S1 = −1
2
∫
d10x
[
−〈ψα1/2ψ˜β1/2e−αβ(L˜M0 + LM0 − 1)e+µνψ˜µ−1/2ψν−1/2〉
]
. (4.12)
As we discuss in the previous section, we can use the bosonic super-Virasoro operator (3.13) in the case of
treating the low energy case. In this operator the term 2µi∂− and 12gρσ(: ψ˜
ρ
−1/2ψ˜
σ
1/2 : + : ψ
ρ
−1/2ψ
σ
1/2 :) vanish
because the former becomes total derivative and the latter and ordering constant (−1) cancel out each other
so that practically we calculate the first term and the forth term in the bosonic super-Virasoro operator so
that S1 becomes
S1 = −1
2
∫
d10x
[
−〈ψα1/2ψ˜β1/2e−αβ(−
α′
2
gρσ∂ρ∂σ − iµKF∂−)e+µν ψ˜µ−1/2ψν−1/2〉
]
. (4.13)
In this calculation the most important point is that ψ˜µ−1/2 and ψ
µ
−1/2 are the linear functions of the coordinates
of z or z∗ so that we have to pay attention to the differential operators ∂z , ∂z∗. Therefore we have to multiply
ψ˜µ−1/2 and ψ
µ
−1/2 by differential operator ∂µ at only one time. The first term becomes
〈ψα1/2ψ˜β1/2e−αβ(−
α′
2
gρσ∂ρ∂σ)e
+
µν ψ˜
µ
−1/2ψ
ν
−1/2〉
= −α
′
2
gρσe−αβ〈ψα1/2ψ˜β1/2(∂ρ∂σe+µνψ˜µ−1/2ψν−1/2 + 2∂ρe+µν∂σψ˜µ−1/2ψν−1/2
+ 2∂ρe
+
µν ψ˜
µ
−1/2∂σψ
ν + 2e+µν∂ρψ˜
µ
−1/2∂σψ
ν
−1/2)〉. (4.14)
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Then we calculate the expectation value of modes without differential operator on ahead as
〈ψα1/2ψ˜β1/2e−αβ(−
α′
2
gρσ∂ρ∂σ)e
+
µνψ˜
µ
−1/2ψ
ν
−1/2〉
= −α
′
2
{
gρσgανgβµe−αβ∂ρ∂σe
+
µν + 2g
ρσe−αβ∂ρe
+
µν
(
gαν〈ψ˜β1/2∂σψ˜µ−1/2〉+ gβµ〈ψα1/2∂σψν−1/2〉
)
+ 2gρσe−αβe
+
µν〈ψ˜β1/2∂σψ˜µ−1/2〉〈ψα1/2∂σψν−1/2〉
}
. (4.15)
In the next place we calculate the term of KF. The modes ψ˜
µ
−1/2 and ψ
µ
−1/2 do not depend on x
− so that
we only multiply ∂− by e±µν , finally we take expectation value on ahead. The caluculation is
〈ψα1/2ψ˜β1/2e−αβ(−iµKF∂−)e+µν ψ˜µ−1/2ψν−1/2〉
= −iµe−αβ∂−e+µν〈ψα1/2ψ˜β1/2KFψ˜µ−1/2ψν−1/2〉
= −iµe−αβ∂−e+µν
{
〈ψα1/2ψ˜β1/2[KF, ψ˜µ−1/2]ψν−1/2〉+ 〈ψα1/2ψ˜β1/2ψ˜µ−1/2[KF, ψν−1/2]〉
}
= −iµe−αβ∂−e+µν
{
gαν〈ψ˜β1/2[JF, ψ˜µ−1/2]〉 − gβµ〈ψα[JF, ψν−1/2]〉
}
, (4.16)
where we use the relation (3.16) and (3.17) in the last line of this calculation. Moreover expectation values
〈ψ˜µ1/2∂ρψ˜ν−1/2〉, 〈ψµ1/2∂ρψν−1/2〉 and 〈ψ˜µ1/2[JF, ψ˜ν−1/2]〉, 〈ψµ1/2[JF, ψν−1/2]〉 in (4.15) and (4.16) whose formulae
are constructed in (3.21)-(3.28). Although we feel a little complicated, they are not so difficult because
of the formulae almost constructed by Kronecker’s delta and the inverse metric of NS-NS pp-wave. Thus
using these expectation values, we can calculate the addition gαν〈ψ˜β1/2∂σψ˜µ−1/2〉+ gβµ〈ψα1/2∂σψν−1/2〉 and the
product gρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉. The addition becomes
gαν〈ψ˜β1/2∂σψ˜µ−1/2〉+ gβµ〈ψα1/2∂σψν−1/2〉
= gαν
[
iµ
2
(gβz + iµzgβ+)δz∗σ δ
µ
− −
iµ
2
(gβz∗ − iµz∗gβ+)δzσδµ− + iµgβ+(δz∗σ δµz∗ − δzσδµz )
]
+ gβµ
[
iµ
2
(gαz∗ + iµz∗gα+)δzσδ
ν
− −
iµ
2
(gαz − iµzgα+)δz∗σ δν− + iµgα+(δzσδνz − δz∗σ δνz∗)
]
. (4.17)
We can simplify this, if we replace the spacetime indeces with common indeces using the (anti)symmetry of
spacetime indeces of tensor fields e±µν , then
〈ψ˜µ1/2∂ρψ˜ν−1/2〉+ 〈ψµ1/2∂ρψν−1/2〉 = −µ2gµ+δν−(zδz∗ρ + z∗δzρ), (4.18)
〈ψ˜µ1/2∂ρψ˜ν−1/2〉 − 〈ψµ1/2∂ρψν−1/2〉 = iµ(gµzδz∗ρ − gµz∗δzρ)δν− + 2iµgµ+(δz∗ρ δνz∗ − δzρδνz ). (4.19)
The product becomes
gρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉
=
µ2
2
[{
gz(αgβ)z∗ + iµzg+[αgβ]z∗ − iµz∗g+[αgβ]z − 2µ2z∗zg+αg+β}δµ−δν−
14
+ 2
{
(gαzδνz + g
αz∗δνz∗)
}
gβ+δν− + (g
βzδµz + g
βz∗δµz∗)g
α+δν− + iµg
+αg+β(zδ
[µ
− δ
ν]
z − z∗δ[µ− δν]z∗)
}
+ 4g+αg+βδ(µz δ
ν)
z∗
]
. (4.20)
Here we define the following (anti)symmetric symbols,
gµ(αgβ)ν = gµαgβν + gµβgαν , gµ[αgβ]ν = gµαgβν − gµβgαν , (4.21)
δ(µα δ
ν)
β = δ
µ
αδ
ν
β + δ
ν
αδ
µ
β , δ
[µ
α δ
ν]
β = δ
µ
αδ
ν
β − δναδµβ , (4.22)
because of the avoidance of the complexity and using the symbols we are also easy to see the property of
symmetry of spacetime indeces. From now onward we divide e±µν into hµν and bµν for using symmetry and
antisymmetry of spacetime indeces. We represent e−αβe
+
µν , e
−
αβ∂ρe
+
µν and e
−
αβ∂ρ∂σe
+
µν using hµν and bµν ,
e−αβe
+
µν = hαβhµν + hαβbµν − bαβhµν − bαβbµν , (4.23)
e−αβ∂ρe
+
µν = hαβ∂ρhµν + hαβ∂ρbµν − bαβ∂ρhµν − bαβ∂ρbµν , (4.24)
e−αβ∂ρ∂σe
+
µν = hαβ∂ρ∂σhµν + hαβ∂ρ∂σbµν − bαβ∂ρ∂σhµν − bαβ∂ρ∂σbµν . (4.25)
We evaluate the term of e−αβe
+
µνg
ρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉 dividing e±µν into hµν and bµν . It is important
that because of (anti)symmetry of spacetime indeces in the tensor fields, different terms appear in (4.20):
hαβhµνg
ρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉
= −µ
2
2
hαβhµν
[
2{gαzgβz∗ − µ2z∗zgα+gβ+}δµ−δν− + 2{(gαz∗δνz∗ + gαzδνz )gβ+δµ−}
+ 2{(gβzδµz + gβz∗δµz∗)gα+δν−}+ 8gα+gβ+δµz δνz∗
]
, (4.26)
bαβhµνg
ρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉 = −
µ2
2
bαβhµν · 2iµgα+(zgβz∗ − z∗gβz)δµ−δν−, (4.27)
hαβbµνg
ρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉 = −
µ2
2
hαβbµν · 4iµgα+gβ+δµ−(zδνz − z∗δνz∗), (4.28)
bαβbµνg
ρσ〈ψ˜α1/2∂ρψ˜µ−1/2〉〈ψβ1/2∂σψν−1/2〉 = −
µ2
2
bαβbµν · 2
[
(gαz∗δνz∗ + g
αzδνz )g
β+δµ− + (g
βzδµz + g
βz∗δµz∗)g
α+δν−
]
.
(4.29)
Moreover we evaluate 〈ψα1/2ψ˜β1/2e−αβ(−iµKF∂−)e+µν ψ˜µ−1/2ψν−1/2〉 dividing e±µν into hµν and bµν :
〈ψα1/2ψβ1/2hαβ(−iµKF∂−)hµν ψ˜µ−1/2ψν−1/2〉 = 4α′µ2gβνh−β(z∂−hzν + z∗∂−hz∗ν)
− ∂−
{
2α′µ2gβν(zhzβh−ν + z∗hz∗βh−ν)
}
, (4.30)
〈ψα1/2ψ˜β1/2(−bαβ)(−iµKF∂−)hµν ψ˜µ−1/2ψν−1/2〉 = 4α′iµgβν(bz∗β∂−hzν − bzβ∂−hz∗β), (4.31)
〈ψα1/2ψ˜β1/2hαβ(−iµKF∂−)bµν ψ˜µ−1/2ψν−1/2〉 = 4α′iµgβν(hz∗β∂−bzν − hzβ∂−bz∗ν), (4.32)
〈ψα1/2ψ˜β1/2(−bαβ)(−iµKF∂−)bµν ψ˜µ−1/2ψν−1/2〉 = 4α′µ2gβνb−β(z∂−bzν + z∗∂−bz∗ν)
− ∂−
{
2α′µ2gβν(zhzβb−ν + z∗hz∗βb−ν)
}
. (4.33)
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Using the formulae (4.26)-(4.29) and (4.30)-(4.33), we can evaluate the components of S1:
〈ψα1/2ψ˜β1/2hαβ(L˜M0 + LM0 − 1)hµνψ˜µ−1/2ψν−1/2〉
= −α
′
2
[
hµνgρσ∂ρ∂σhµν − 4µ2h+µ(z∂zhµ− + z∗∂z∗hµ−)− 8µ2gβνh−β(z∂−hzν + z∗∂−hz∗ν)
− 4µ2(h+zh−z + h+z∗h−z∗)− 16µ2h++hzz∗ + 2µ4z∗zh++h−−
]
+ ∂−{α′µ2gβν(zhz∗β h+ν + z∗hzβh+ν )}, (4.34)
〈ψα1/2ψ˜β1/2(−bαβ)(L˜M0 + LM0 − 1)hµνψ˜µ−1/2ψν−1/2〉
= −α
′
2
[
− gρσgανgβµbαβ∂ρ∂σhµν + 8iµgβν(bz∗β∂zh−ν − bzβ∂z∗h−ν − b−β∂zhz∗ν + b−β∂z∗hzν)
+ 4iµ3h−−(zb−z − z∗b−z∗)− 8iµgβν(bz∗β∂−hzν − bzβ∂−hz∗ν)
]
, (4.35)
〈ψα1/2ψ˜β1/2hαβ(L˜M0 + LM0 − 1)bµνψ˜µ−1/2ψν−1/2〉
= −α
′
2
[
gρσgανgβµhαβ∂ρ∂σbµν + 8iµg
βν(hz∗β∂zb−ν − hzβ∂z∗b−ν − h−β∂zbz∗ν + h−β∂z∗bzν)
− 4iµ3h−−(zb−z − z∗b−z∗)− 8iµgβν(hz∗β∂−bzν − hzβ∂−bz∗ν)
]
, (4.36)
〈ψα1/2ψ˜β1/2(−bαβ)(L˜M0 + LM0 − 1)bµνψ˜µ−1/2ψν−1/2〉
= −α
′
2
[
− gρσgανgβµbαβ∂ρ∂σbµν + 4µ2gβνb−β(z∂zb−ν + z∗∂z∗b−ν)
− 16µ2b−zb−z∗ − 8µ2gβνb−β(z∂−bzν + z∗∂−bz∗ν)
]
− ∂−{2α′µ2gβν(zbzβb−ν + z∗bz∗βb−ν)},
(4.37)
where the terms of ∂− times fields come from the terms of KF∂− and the total derivative is not important
because we can integrate out it. Moreover we had better perform partial integral on (4.35) for comparizon
with supergravity. The result is
〈ψα1/2ψ˜β1/2(−bαβ)(L˜M0 + LM0 − 1)hµνψ˜µ−1/2ψν−1/2〉
= −α
′
2
[
− gρσgανgβµbαβ∂ρ∂σhµν
+ 8iµgβν
{
h−ν(∂z∗bzβ − ∂zbz∗β) + hzν(∂−bz∗β − ∂z∗b−β) + hz∗ν(∂zb−β − ∂−bzβ)
}
− 4iµ3h−−(zb−z − z∗b−z∗)
]
+ (total derivative). (4.38)
Here we use the following identity,
∂µg
ρσ = µ2(zδz∗µ + z
∗δzµ)δ
ρ
−δ
σ
−, (4.39)
for performing the partial integral. Finally we can write up S1 as the following form:
S1 = −α
′
4
∫
d10x
{
hµνgρσ∂ρ∂σhµν − 4µ2h+µ(z∂zhµ− + z∗∂z∗hµ−)− 8µ2gβνh−β(z∂−hzν + z∗∂−hz∗ν)
− 4µ2(h+zh−z + h+z∗h−z∗)− 16µ2h++hzz∗ + 2µ4z∗zh++h−−
− gρσgανgβµbαβ∂ρ∂σbµν + 4µ2gβνb−β(z∂zb−ν + z∗∂z∗b−ν)
16
− 8µ2gβνb−β(z∂−bzν + z∗∂−bz∗ν)− 16µ2b−zb−z∗
+ 16iµgβν [h−β(∂z∗bzν − ∂zbz∗ν) + hzβ(∂−bz∗ν − ∂z∗b−ν) + hz∗β(∂zb−ν − ∂−bzν)]
− 8iµ3h−−(zb−z − z∗b−z∗)
}
, (4.40)
where we can prove
∫
d10xgρσgανgβµ(hαβ∂ρ∂σbµν−bαβ∂ρ∂σhµν) = 0, using partial integral. We have to note
that we can represent S1 in various ways, namely using partial integral, we can represent different forms.
4.2 Calculation of the fermionic super-Virasoro operator part
In this subsection we calculate the action of B¯µB¯
µ and E¯µE¯
µ which contain the fermionic super-Virasoro
operators G˜M−1/2 and G
M
−1/2. We name this term S2:
S2 = −1
2
∫
d10x
[−(B¯µB¯µ + E¯µE¯µ)] . (4.41)
First we calculate the square of B¯α and E¯α. In the case of fixing the gauge s(x) = 0, the square of B¯α is
easy but the square of E¯α is a little complicated because of exsistence of φ, then
B¯αB¯
α = gαβ〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉〈ψβ1/2G˜M1/2e+ρσψ˜ρ−1/2ψσ−1/2〉, (4.42)
E¯αE¯
α = gαβ〈ψ˜α1/2GM1/2e+µνψ˜µ−1/2ψν−1/2〉〈ψ˜β1/2GM1/2e+ρσψ˜ρ−1/2ψσ−1/2〉
+ 2gαβ〈ψ˜α1/2GM1/2e+µνψ˜µ−1/2ψν−1/2〉〈ψ˜β1/2G˜M−1/2φ〉+ gαβ〈ψ˜α1/2G˜M−1/2φ〉〈ψ˜β1/2G˜M−1/2φ〉. (4.43)
As we discuss in the previous section, we can use (3.14) as fermionic super-Virasoro operators in the low
energy case. Seeing the terms of B¯αB¯
α and E¯αE¯
α in (4.42) and (4.43), first of all we have to calculate
〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉 and 〈ψ˜α1/2G˜M−1/2φ〉. Here we can calculate 〈ψ˜α1/2GM1/2e+µν ψ˜µ−1/2ψν−1/2〉 in E¯αE¯α
by using the same calculation as 〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉 in B¯αB¯α so that we show the calculation of
〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉 representatively. First we can calculate 〈ψ˜α1/2G˜M−1/2φ〉 easily because φ dose not
contain world sheet fermion so that JF in G
M
−1/2 vanish by the ground state. Moreover the derivative in G˜
M
−1/2
operates scalar field φ and expectation values of world sheet fermions become the background contravariant
metric 〈ψ˜µ1/2ψ˜ν−1/2〉 = 〈ψµ1/2ψν−1/2〉 = gµν . The calculation is
〈ψ˜α1/2G˜M−1/2φ〉 =
√
α′
2
〈ψ˜α1/2
[
−iψ˜λ−1/2∂λ +
µ
α′
ψ+−1/2JF
]
φ〉
= −i
√
α′
2
〈ψ˜α1/2ψ˜λ−1/2∂λφ〉 = −i
√
α′
2
gαλ∂λφ. (4.44)
In the next place we calculate 〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉. In this calculation the derivative operator ∂µ in
the fermionic super-Virasoro operators multiplies not only e+µν but also ψ˜
µ
−1/2 and ψ
ν
−1/2 because of the
dependence on the coordinates z, z∗. Moreover we have to calculate the product between JF and ψ˜
µ
−1/2,
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(ψν−1/2). We can calculate them using the commutation relations. Finally we calculate the expectation
values of fermions which become background contravariant metric. The calculation is@
〈ψα1/2G˜M1/2e+µνψ˜µ−1/2ψν−1/2〉 =
√
α′
2
〈ψα1/2
[
−iψ˜λ1/2∂λ +
µ
α′
ψ˜+1/2JF
]
e+µνψ˜
µ
−1/2ψ
ν
−1/2〉
=
√
α′
2
{
−i〈ψα1/2ψ˜λ1/2∂λ(e+µνψ˜µ−1/2ψν−1/2)〉+
µ
α′
e+µν〈ψα1/2ψ˜+1/2[JF, ψ˜µ−1/2ψν−1/2]〉
}
=
√
α′
2
{
− igανgλµ∂λe+µν − ie+µν(gαν〈ψ˜λ1/2∂λψ˜µ−1/2〉+ gλµ〈ψα1/2∂λψν−1/2〉
+ i
µ
α′
gαν〈ψ˜+1/2[JF, ψ˜µ−1/2]〉+ i
µ
α′
g+µ〈ψα1/2[JF, ψν−1/2]〉)
}
. (4.45)
Since we have already known these expectation values (3.23), (3.24) and (3.27), (3.28), substituting them
we obtain
〈ψα1/2G˜M1/2e+µν ψ˜µ−1/2ψν−1/2〉 = −i
√
α′
2
[
∂λe
+
µνg
λµgαν + e+µν(f
µνgα+ + kµν1 g
αz + kµν2 g
αz∗)
]
, (4.46)
〈ψ˜α1/2GM1/2e+µν ψ˜µ−1/2ψν−1/2〉 = i
√
α′
2
[
∂λe
+
µνg
αµgλν + e+µν(f˜
µνgα+ + kµν1 g
αz + kµν2 g
αz∗)
]
, (4.47)
where 〈ψ˜α1/2GM1/2e+µνψ˜µ−1/2ψν−1/2〉 is obtained by similar calculation. Here we define fµν , f˜µν , kµν1 and kµν2
respectively as
fµν =
iµ
2
[
gz[µgν]z∗ + iµ(zg+[µgν]z∗ + z∗g+[µgν]z)
]
, (4.48)
f˜µν =
iµ
2
[
gz[µgν]z∗ − iµ(zg+[µgν]z∗ + z∗g+[µgν]z)
]
, (4.49)
kµν1 =
1
2
(
µ2z∗gµ+gν+ − iµg+[µgν]z∗
)
, kµν2 =
1
2
(
µ2zgµ+gν+ + iµg+[µgν]z
)
. (4.50)
We have to note that fµν and f˜µν are antisymmetric tensor so that they vanish in the case of the product
with symmetric tensor. Since we obtain expectation values related to the fermionic super-Virasoro operator,
we can calculate the terms in B¯αB¯
α and E¯αE¯
α. First the term in B¯αB¯
α is
gαβ〈ψα1/2G˜M1/2e+µν ψ˜µ−1/2ψν−1/2〉〈ψβ1/2G˜M1/2e+ρσψ˜ρ−1/2ψσ−1/2〉
= −α
′
2
[
∂λe
+
µν∂ωe
+
ρσg
λµgωρgνσ + 2e+ρσ∂λe
+
µνg
λµ(fρσgν+ + kρσ1 g
νz + kρσ2 g
νz∗) + 4e+µνe
+
ρσk
µν
1 k
ρσ
2
]
. (4.51)
Next the terms in E¯αE¯
α are
gαβ〈ψ˜α1/2GM1/2e+µν ψ˜µ−1/2ψν−1/2〉〈ψ˜β1/2GM1/2e+ρσψ˜ρ−1/2ψσ−1/2〉
= −α
′
2
[
∂λe
+
µν∂ωe
+
ρσg
µρgλνgωσ + 2e+ρσ∂λe
+
µνg
λν(f˜ρσgµ+ + kρσ1 g
µz + kρσ2 g
µz∗) + 4e+µνe
+
ρσk
µν
1 k
ρσ
2
]
,
(4.52)
gαβ〈ψ˜α1/2GM1/2e+µν ψ˜µ−1/2ψν−1/2〉〈ψ˜β1/2G˜M−1/2φ〉
=
α′
2
[
∂λe
+
µνg
ωµgλν + e+µν(f˜
µνgω+ + kµν1 g
ωz + kµν2 g
ωz∗)
]
∂ωφ, (4.53)
gαβ〈ψ˜α1/2G˜M−1/2φ〉〈ψ˜β1/2G˜M−1/2φ〉 = −
α′
2
gλω∂λφ∂ωφ. (4.54)
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In the previous subsection although we calculate the bosonic super-Virasoro operator part of the action,
we do not find the term like ∂λe
+
µν∂ωe
+
ρσ in (4.51) and (4.52), so that we had better make the term like
e+µν∂λ∂ωe
+
ρσ using the identity,
gλµgωρgνσ∂λe
+
µν∂ωe
+
ρσ =
[
∂λ(g
λµgωρgνσe+µν∂ωe
+
ρσ)− e+µν∂λ(gλµgωρgνσ∂ωe+ρσ)
]
. (4.55)
Using the property of the inverse of the pp-wave metric (4.39), the above identity becomes
gλµgωρgνσ∂λe
+
µν∂ωe
+
ρσ
= −
[
gλµgωρgνσe+µν∂λ∂ωe
+
ρσ + 2µ
2gνσ(ze+zν∂−e
+
−σ + z
∗e+z∗ν∂−e
+
−σ) + 2µ
2gωρ(ze+z−∂ωe
+
ρ− + z
∗e+z∗−∂ωe
+
ρ−)
]
+ ∂λ(g
λµgωρgνσe+µν∂ωe
+
ρσ). (4.56)
The last term of this identity is not important because we can integrate out this total derivative term. Next
we evaluate the second term of (4.51). Because of the symmetry of spacetime about the coefficient e+ρσ∂λe
+
µν
and fµν , kµν1 and k
µν
2 which are made of the pp-wave metric (4.48)-(4.50), the second term of (4.51) have
already been determined then we obtain
2e+ρσ∂λe
+
µνg
λµ(fρσgν+ + kρσ1 g
νz + kρσ2 g
νz∗)
= −8iµbz∗zgλµ∂λe+µ− − 4µ2(zb−z + z∗b−z∗)gλµ∂λe+µ−
+ 2µ2h−−gλµ(z∂λe+µz + z
∗∂λe+µz∗) + 8iµg
λµ(b−z∂λe+µz∗ − b−z∗∂λe+µz). (4.57)
Similarly we can evaluate the term of e+ρσ∂λe
+
µν in the second term of (4.52) as
2e+ρσ∂λe
+
µνg
λν(f˜ρσgµ+ + kρσ1 g
µz + kρσ2 g
µz∗)
= −8iµbz∗zgλν∂λe+−ν + 4µ2(zb−z + z∗b−z∗)gλν∂λe+−ν
+ 2µ2h−−gλν(z∂λe+zν + z
∗∂λe+z∗ν) + 8iµg
λν(b−z∂λe+z∗ν − b−z∗∂λe+zν). (4.58)
Moreover the term of e+µνe
+
ρσ which is common in both (4.51) and (4.52) is
4e+µνe
+
ρσk
µν
1 k
ρσ
2 = µ
4z∗zh−−h−− + 4iµ3h−−(zb−z − z∗b−z∗) + 16µ2b−zb−z∗. (4.59)
Next we evaluate the term of e+µν and scalar fieldφ in (4.53). Taking the partial integral, the first term in
(4.53) becomes
−2∂λe+µνgωµgλν∂ωφ = 2φgωµgλν∂ω∂λe+µν + 4µ2φ(z∂−e+z− + z∗∂−e+z∗−)− ∂ω(2∂λe+µνgωµgλνφ). (4.60)
In the calculation of the partial integral for the second term in (4.53), we use the formulae as
∂ωf
µν = −µ
2
2
(δzωg
+[µgν]z∗ + δz∗ω g
+[µgν]z), ∂ω f˜
µν =
µ2
2
(δzωg
+[µgν]z∗ + δz∗ω g
+[µgν]z), (4.61)
∂ωk
µν
1 =
µ2
2
δz∗ω g
µ+gν+, ∂ωk
µν
2 =
µ2
2
δzωg
µ+gν+. (4.62)
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which are obtained by the differenciating (4.48)-(4.50). Using the formulae of (4.61) and (4.62), we can
calculate the second term in (4.53) as
e+µν(f˜
µνgω+ + kµν1 g
ωz + kµν2 g
ωz∗)∂ωφ
= −φ∂ω
[
e+µν(f˜
µνgω+ + kµν1 g
ωz + kµν2 g
ωz∗)
]
+ ∂ω
[
e+µν(f˜
µνgω+ + kµν1 g
ωz + kµν2 g
ωz∗)φ
]
= −φ
[
4iµ(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z) + 2µ2(z∂−b−z + z∗∂−b−z∗) + µ2(z∂zh−− + z∗∂z∗h−−)
]
− 2µ2φh−− + (total derivative). (4.63)
Therefore gathering all the terms, we can obtain the action S2:
S2 = −α
′
4
∫
d10x
{
− 2gλµgωρgνσhµν∂λ∂ωhρσ − 2gλµgωρgνσbµν∂λ∂ωbρσ
+ 4µ2gµν
[
h−µ(z∂−hzν + z∗∂−hz∗ν) + b−µ(z∂−bzν + z∗∂−bz∗ν)
]
− 4µ2gµν
[
(zh−z + z∗h−z∗)∂µhν− + (zb−z + z∗b−z∗)∂µbν−
]
+ 16iµgλµ
[
b−z∂λhµz∗ − b−z∗∂λhµz + bzz∗∂λhµ−
]
+ 4µ2h−−gλµ(z∂λhµz + z∗∂λhµz∗)
+ 2µ4z∗zh−−h−− + 8iµ3h−−(zb−z − z∗b−z∗) + 32µ2b−zb−z∗
+ gλω∂λφ∂ωφ+ 2φg
ωµgλν∂ω∂λhµν + 2φg
ωµgλν∂ω∂λbµν
+ 4µ2φ(z∂−h−z + z∗∂−h−z∗) + 2µ2φ(z∂zh−− + z∗∂z∗h−−) + 4µ2φh−−
+ 8iµφ(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
}
. (4.64)
The component representation of superstring field action is the sum of (4.40) and (4.64) namely S = S1+S2.
In this calculation the term 8iµ3h−−(zb−z − z∗b−z∗) vanishes trivially and performing the partial inte-
gral of the term −4µ2gµν(zb−z + z∗b−z∗)∂µbν− in (4.64), it becomes −16µ2b−zb−z∗ + 4µ2gµνbν−(z∂µb−z +
z∗∂µb−z∗)+(total derivative), therefore−16µ2b−zb−z∗ coming from this, 32µ2b−zb−z∗ in (4.64) and−16µ2b−zb−z∗
in (4.40) are canceled out each other. Moreover we can gather the same kind of terms using the other partial
integrals. The total action becomes
S = −α
′
4
∫
d10x
{
hµνgρσ∂ρ∂σhµν − 2gλµgωρgνσhµν∂λ∂ωhρσ
− 4µ2gµνh−µ(z∂−hzν + z∗∂−hz∗ν)− 4µ2h+µ(z∂zh−µ + z∗∂z∗h−µ)
− 4µ2gµν(zh−z + z∗h−z∗)∂µhν− + 4µ2h−−gλµ(z∂λhµz + z∗∂λhµz∗)
− 4µ2(h+zh−z + h+z∗h−z∗) + 4µ2z∗zh++h−− − 16µ2h++hzz∗
− gρσgανgβµbαβ∂ρ∂σbµν − 2gλµgωρgνσbµν∂λ∂ωbρσ
+ 4µ2gβνb−β(z∂zb−ν + z∗∂z∗b−ν)− 4µ2gβνb−β(z∂−bzν + z∗∂−bz∗ν)
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+ 4µ2gµνbν−(z∂µb−z + z∗∂µb−z∗)
− 16iµgβν
[
hz∗β(∂νb−z + ∂−bzν − ∂zbν−)− hzβ(∂νb−z∗ + ∂−bz∗ν − ∂z∗b−ν)
+ h−β(∂νbzz∗ + ∂zbz∗ν − ∂z∗bzν)
]
+ gλω∂λφ∂ωφ+ 2φg
ωµgλν∂ω∂λhµν
+ 4µ2φ(z∂−h−z + z∗∂−h−z∗) + 2µ2φ(z∂zh−− + z∗∂z∗h−−) + 4µ2φh−−
+ 2φgωµgλν∂ω∂λbµν + 8iµφ(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
}
. (4.65)
Since the trace part of hµν is absent in this action so that we replace φ → h − 4φ where h is trace part of
hµν namely h = g
µνhµν . Finally the action becomes as follows:
S = −α
′
4
∫
d10x
{
gρσhµν(∂ρ∂σhµν − 2∂ρ∂νhµσ) + 2hµν∂µ∂νh− gρσh∂ρ∂σh
+ 4µ2h+µ(z∂−hµz + z∗∂−hµz∗)− 4µ2h+µ(z∂zh−µ + z∗∂z∗h−µ)
+ 2µ2(z∗h+z + zh+z∗)gρσ∂ρh−σ + 4µ2h++gρσ(z∂ρhσz + z∗∂ρhσz∗)
− 4µ2(h+zh−z + h+z∗h−z∗) + 4µ2z∗zh++h−− − 16µ2h++hzz∗
− 2µ2(zh+z∗ + z∗h+z)∂−h− 2µ2h++(z∂zh+ z∗∂z∗h)
+ gµαgνβgργbνρ(∂µ∂αbβγ − 2∂µ∂βbαγ) + 4µ2gργb−ρ(z∂zb−γ + z∗∂z∗b−γ)
− 4µ2gργb−ρ(z∂−bzγ + z∗∂−bz∗γ) + 4µ2gνβbν−(z∂βb−z + z∗∂βb−z∗)
− 16iµgµν
[
hz∗µ(∂νb−z + ∂−bzν − ∂zbν−)− hzµ(∂νb−z∗ + ∂−bz∗ν − ∂z∗b−ν)
+ h−µ(∂νbzz∗ + ∂zbz∗ν − ∂z∗bzν)− 1
2
hµν(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
]
+ 16gµν∂µφ∂νφ+ 8g
µνφ∂µ∂νh− 8φgρµgνσ∂ρ∂σhµν − 16µ2φh−−
− 16µ2φ(z∂−h−z + z∗∂−h−z∗)− 8µ2φ(z∂zh−− + z∗∂z∗h−−)
− 32iµφ(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
}
. (4.66)
Since we treat “covariant”string field action, it is important that the spacetime light-cone directions µ, ν = ±
remain in this action. If we treat the light-cone string field action, all the term containing the light-cone
components vanish and we cannot see them. In the next section we compare this action to the second-order
perturbation of supergravity action then we see the exact correspondence between them. It is important
that we find this corrrespondence except for the flat background. Of course in the limit of µ → 0, we can
reproduse the action in the case of the flat background.
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5 Comparison with the second-order perturbation of supergravity
action
In this section we compare the NS-NS sector of the low energy superstring field action with the second-order
perturbation of a part of supergravity action in the NS-NS pp-wave background. Because of being compared
to NS-NS sector of superstring field action, here, we do not consider R-R fields and any fermions such as
gravitino and dilatino. The supergravity action of the part of gravitational field, NS-NS anti-symmetric field
and dilaton field is
S = − 1
2κ2
∫
d10x
√
−Ge−2Φˆ
[
R+ 4Gµν∂µΦˆ∂νΦˆ− 1
12
GαµGβνGγρHαβγHµνρ
]
. (5.1)
Here because of avoidance of confusion between string field and dilaton field, we use Φˆ for the dilaton. For
caluculation of the second-order perturbation of this action, we define perturbation of fields as
Gµν = gµν + hµν , Bµν = B¯µν + bµν , Φˆ = Φ¯ + φ. (5.2)
Here gµν , B¯µν and Φ¯ denote background gravitational field, background NS-NS antisymmetric tensor field
and background dilaton field respectively moreover hµν , bµν and φ denote perturbative gravitational field,
purturbative NS-NS antisymmetric tensor field and purturbative dilaton field respectively. We will find that
hµν , bµν and φ correspond to coefficients of component field expansions of string field after calculation of
the second-order perturbation of supergravity action. In the perturbation contravariant metric Gµν ,
√−G
and e−2Φˆ become
Gµν = gµν − hµν + hµαhνα +O(h3), (5.3)
√
−G = √−g
{
1 +
1
2
h+
1
8
(h2 − 2gµαgνβhµνhαβ)
}
+O(h3), (5.4)
e−2Φˆ = e−2Φ¯(1 − 2φ+ 2φ2) +O(φ3), (5.5)
up to second-order perturbation. Moreover Ricci scalar R is perturbed up to the second-order as
R = R(0) +R(1) +R(2) +O(h3), (5.6)
R(1) = −∇α∇αh+∇α∇βhβα −R(0)αβhαβ , (5.7)
R(2) =
1
4
hµν∇α∇αhµν − 1
2
hµβ∇α∇βhµα + 1
4
h∇α∇αh+R(0)αβhαωhβω. (5.8)
Here R(0), R(1) and R(2)denote background Ricci scalar, the first order perturbation of Ricci scalar and the
second-order perturbation of Ricci scalar respectively and R
(0)
αβ denotes the background Ricci tensor. As is
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trivial, the flux of the NS-NS antisymmetric field Hµνρ is perturbed as
Hµνρ = H¯µνρ +H
(1)
µνρ, (5.9)
H¯µνρ = ∂µB¯νρ + ∂νB¯ρµ + ∂ρB¯µν , (5.10)
H(1)µνρ = ∂µbνρ + ∂νbρµ + ∂ρbµν . (5.11)
In general, using these perturbation, we can obtain the following general second-order action in some back-
ground fields:
S = − 1
2κ2
∫
d10x
√−g
{
e−2Φ¯
[
R(2) + 4gµν∂µφ∂νφ− 8hµν∂µΦ¯∂νφ+ (4∂µΦ¯∂νΦ¯− 1
4
H¯µαβH¯
αβ
ν )h
µωhνω
−1
4
H¯αβγH¯
µνγhαµhβν − 1
12
gαµgβνgγρH
(1)
αβγH
(1)
µνρ + g
µνH¯αβγH
(1)
µβγhαν
]
+
1
2
(h− 4φ)
[
R(1) − 1
6
H¯µνρH(1)µνρ + 8g
µν∂µΦ¯∂νφ− (4∂µΦ¯∂νΦ¯− 1
4
H¯µαβH¯
αβ
ν )h
µν
]}
,
(5.12)
where using the background field equations, the zeroth-order and the first-order perturbation of the action
vanish and we also remove trivially vanishing terms in the second-order perturbation. Especially using the
Einstein equation R
(0)
µν − 14H¯µαβH¯αβν + 2∇µ∂νΦ¯ = 0, we can remove background Ricci tensor R
(0)
µν in R(1)
and R(2) from general action (5.12). Moreover in the case of Φ¯ = 0 like the NS-NS pp-wave background, this
action becomes the simplest form and we had better take partial integral in the term of H
(1)
µνρ for comparing
superstring field action in the previous section. The action becomes
S = − 1
2κ2
∫
d10x
√−g
[
1
4
hµν(∇ρ∇ρhµν − 2∇ρ∇νhµρ + 2∇µ∇νh− gµν∇ρ∇ρh)
−1
4
hαµhβνH¯αβγH¯
γ
µν +
1
4
gµαgνβgργbνβ∇µ(∂αbβγ − 2∂βbαγ)
+
1
2
gµνH¯αβγhγµ(∂νbαβ + 2∂αbβν)− 1
4
H¯µνρ∂µbνρh
+4gµν∂µφ∂νφ+ H¯
µνρ∂µbνρφ+ 2φ(∇µ∇µh−∇µ∇νhµν)
]
. (5.13)
After this, we substitute the NS-NS pp-wave background into the general second-order perturbation of
supergravity. In the case of the NS-NS pp-wave background (2.1) and (2.2),
√−g = 14 and non-vanishing
components of the Christoffel symbol and the field strength of NS-NS antisymmetric tensor are
Γ¯−+z = Γ¯
−
z+ =
1
2
µ2z∗, Γ¯−+z∗ = Γ¯
−
z∗+ =
1
2
µ2z, (5.14)
Γ¯z++ = µ
2z, Γ¯z∗++ = µ
2z∗, (5.15)
H¯+zz∗ = −iµ. (5.16)
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Using these Chistoffel symbol and the field strength of NS-NS field, we can calculate the covariant derivative
so that we can represent the action by using components. Finally the action becomes the following form:
S = − 1
32κ2
∫
d10x
{
gρσhµν(∂ρ∂σhµν − 2∂ρ∂νhµσ) + 2hµν∂µ∂νh− gρσh∂ρ∂σh
+ 4µ2h+µ(z∂−hµz + z∗∂−hµz∗)− 4µ2h+µ(z∂zh−µ + z∗∂z∗h−µ)
+ 2µ2(z∗h+z + zh+z∗)gρσ∂ρh−σ + 4µ2h++gρσ(z∂ρhσz + z∗∂ρhσz∗)
− 4µ2(h+zh−z + h+z∗h−z∗) + 4µ2z∗zh++h−− − 16µ2h++hzz∗
− 2µ2(zh+z∗ + z∗h+z)∂−h− 2µ2h++(z∂zh+ z∗∂z∗h)
+ gµαgνβgργbνρ(∂µ∂αbβγ − 2∂µ∂βbαγ) + 4µ2gργb−ρ(z∂zb−γ + z∗∂z∗b−γ)
− 4µ2gργb−ρ(z∂−bzγ + z∗∂−bz∗γ) + 4µ2gνβbν−(z∂βb−z + z∗∂βb−z∗)
− 16iµgµν
[
hz∗µ(∂νb−z + ∂−bzν − ∂zbν−)− hzµ(∂νb−z∗ + ∂−bz∗ν − ∂z∗b−ν)
+ h−µ(∂νbzz∗ + ∂zbz∗ν − ∂z∗bzν)− 1
2
hµν(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
]
+ 16gµν∂µφ∂νφ+ 8g
µνφ∂µ∂νh− 8φgρµgνσ∂ρ∂σhµν − 16µ2φh−−
− 16µ2φ(z∂−h−z + z∗∂−h−z∗)− 8µ2φ(z∂zh−− + z∗∂z∗h−−)
− 32iµφ(∂−bzz∗ + ∂zbz∗− + ∂z∗b−z)
}
. (5.17)
Comparing (5.17) to (4.66) and replacing the coefficients: α
′
4 ↔ 132κ2 , we can confirm the correspondence
between superstring field theory in the NS-NS pp-wave background and the second-order perturbation of
supergravity in the same background up to total derivative. It is nontribial correspondence because the
spacetime is curved and NS-NS flux exists.
6 Gauge symmetry in the NS-NS pp-wave
In this section we check the gauge symmetry in the NS-NS pp-wave background at the standpoint of super-
string field theory. Here we do not consider the interaction. The action is invariant in the following gauge
transformation,
δ|Φ〉 = δˆ · b−0 |Φ〉 = QB|Λ〉. (6.1)
Here the state |Λ〉 is a state of gauge parameter whose ghost number is one lower than the original state of
string field |Φ〉, therefore we can represent as
|Λ〉 = 2i
√
2
α′
[
ǫˆµ(x)β˜−1/2ψ
µ
−1/2 + ζˆµ(x)β−1/2ψ˜
µ
−1/2 + c
+
0 η(x)β˜−1/2β−1/2
]
| ↓↓〉. (6.2)
where ǫˆµ(x), ζˆµ(x) and η(x) are gauge parameters of the component fields. Therefore we can obtain the
gauge transformation of the component fields comparing δ|Φ〉 with QB|Λ〉. The gauge transformations of Bµ
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and Eµ have a problem which we cannot remove the operator ordering constant µˆ contained in the bosonic
super-Virasoro operator, however we avoid this problem that we do not have to check the auxiliary fields
Bµ and Eµ because we can integrate out these fields using the equations. Therefore ignoring these auxiliary
fields and calculating the ghost parts first, QB|Λ〉 becomes
QB|Λ〉 = 2i
√
2
α′
[
G˜M−1/2(ǫˆµψ
µ
−1/2) +G
M
−1/2(ζˆµψ˜
µ
−1/2)
+
{
G˜M1/2(ζˆµψ˜
µ
−1/2)− η
}
γ˜−1/2β−1/2 +
{
GM1/2(ǫˆµψ
µ
−1/2)− η
}
β˜−1/2γ−1/2
]
| ↓↓〉. (6.3)
We can calculate these terms using the formulae (3.21), (3.22), (3.25) and (3.26). The result is
[
G˜M−1/2(ǫˆµψ
µ
−1/2) +G
M
−1/2(ζˆµψ˜
µ
−1/2)
]
| ↓↓〉
=
√
α′
2
[
− i(∂αǫˆµ − ∂µζˆα)ψ˜α−1/2ψµ−1/2
+ (ǫˆ− − ζˆ−)
{ i
2
µ2z∗ψ˜(+−1/2ψ
z)
−1/2 +
i
2
µ2zψ˜
(+
−1/2ψ
z∗)
−1/2 +
µ
2
ψ˜
[z
−1/2ψ
z∗]
−1/2
}
+ (ǫˆz − ζˆz)
{
iµ2zψ˜+−1/2ψ
+
−1/2 − µψ˜
[+
−1/2ψ
z]
−1/2
}
+ (ǫˆz∗ − ζˆz∗)
{
iµ2z∗ψ˜+−1/2ψ
+
−1/2 + µψ˜
[+
−1/2ψ
z∗]
−1/2
}]
| ↓↓〉,
(6.4)
where the symmetric and antisymmetric symbols are defined as
ψ˜
(α
−1/2ψ
µ)
−1/2 = ψ˜
α
−1/2ψ
µ
−1/2 + ψ˜
µ
−1/2ψ
α
−1/2, (6.5)
ψ˜
[α
−1/2ψ
µ]
−1/2 = ψ˜
α
−1/2ψ
µ
−1/2 − ψ˜µ−1/2ψα−1/2. (6.6)
Replacing the gauge parameter with
ǫˆµ = ζµ + ǫµ − B¯µνǫν , ζˆµ = ζµ − ǫµ − B¯µνǫν , (6.7)
and using the covariant derivative ∇µ and the background NS-NS flux H¯µαβ , this equation becomes
[
G˜M−1/2(ǫˆµψ
µ
−1/2) +G
M
−1/2(ζˆµψ˜
µ
−1/2)
]
| ↓↓〉
= − i
2
√
α′
2
[
(∇αǫµ +∇µǫα)ψ˜(α−1/2ψ
µ)
−1/2
+
{∇α(ζµ − B¯µνǫν)−∇µ(ζα − B¯ανǫν) + H¯αµνǫν} ψ˜[α−1/2ψµ]−1/2]| ↓↓〉. (6.8)
Moreover we can obtain
[{
G˜M1/2(ζˆµψ˜
µ
−1/2)− η
}
γ˜−1/2β−1/2 +
{
GM1/2(ǫˆµψ
µ
−1/2)− η
}
β˜−1/2γ−1/2
]
| ↓↓〉
= −i
√
α′
2
[
(gαµ∂αζˆµ − η)γ˜−1/2β−1/2 + (gαµ∂αǫˆµ − η)β˜−1/2γ−1/2
]
| ↓↓〉
= − i
2
√
α′
2
[{
gαµ∇α(ζµ − ǫµ − B¯µνǫν)− η
}
γ˜−1/2β−1/2 +
{
gαµ∇α(ζµ + ǫµ − B¯µνǫν)− η
}
β˜−1/2γ−1/2
]
| ↓↓〉.
(6.9)
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where using gµν∂µvν = g
µν∇µvν (vµ is arbitrary covariant vector) in the NS-NS pp-wave background, we
replace the partial derivative with covariant derivative in the last line of the calculation. Here choosing the
gauge parameter η as
η = gαµ∇α(ζµ − ǫµ − B¯µνǫν), (6.10)
we can eliminate the cofficient of γ˜−1/2β−1/2 namely this corresponds to gauge fixing s(x) = 0 (see also
(4.11)). Finally substituting (6.8), (6.9) and (6.10) to (6.3), we can obtain the BRST transformation of the
state namely the gauge transformation as follows:
QB|Λ〉 =
[
(∇αǫµ +∇µǫα)ψ˜(α−1/2ψ
µ)
−1/2
+
{∇α(ζµ − B¯µνǫν)−∇µ(ζα − B¯ανǫν) + H¯αµνǫν} ψ˜[α−1/2ψµ]−1/2
+ 2gαµ∇αǫµ β˜−1/2γ−1/2 + 0 · γ˜−1/2β−1/2
]
| ↓↓〉, (6.11)
where the coefficient of ψ˜
(α
−1/2ψ
µ)
−1/2, ψ˜
[α
−1/2ψ
µ] and β˜−1/2γ−1/2, γ˜−1/2β−1/2 mean the gauge transformation
of the gravitational field, the NS-NS antisymmetric field and the two scalar fields, respectively. Here we
eliminate one of the two scalar fields (especially s) using the gauge fixing (6.10). Because of the complexity of
gauge transformation for NS-NS antisymmetric tensor field, we have to explain this point. At the standpoint
of supergravity, there are two types of the gauge transformation. One is infinitesimal transformation of
general coordinates and the other is usual gauge transformation. Especially the fields with this usual gauge
transformation are transformed by both gauge transformation. Here gauge transformation means both
usual gauge transformation and infinitesimal transformation of general coordinates. Now such field is NS-
NS antisymmetric field Bµν . Performing the infinitesimal transformation of general coordinates x
µ → x′µ =
xµ − ǫµ(x), metric Gµν , antisymmetric field Bµν and dilaton Φˆ are transformed as
δǫGµν = ∇µǫν +∇νǫµ, (6.12)
δǫBµν = ∇µ(ǫρBρν)−∇ν(ǫρBρµ) +Hµνρǫρ, (6.13)
δǫΦˆ = ǫ
µ∇µΦˆ, (6.14)
where we change the ordinary Lie derivative of Bµν into the form with appearance of the flux Hµνρ. Moreover
Bµν is transformed into the following by usual gauge transformation. The result is well known as
δζBµν = ∇µζν −∇νζµ, (6.15)
so that we can obtain the correct gauge transformation of Bµν as follows:
δBµν = δǫBµν + δζBµν = ∇µ(ζν −Bνρǫρ)−∇ν(ζµ − Bµρǫρ) +Hµνρǫρ. (6.16)
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Here we consider the parturbation, then the gauge transformation become
δhµν = ∇µǫν +∇νǫµ, (δh = 2gµν∇µǫν), (6.17)
δbµν = ∇µ(ζν − B¯νρǫρ)−∇ν(ζµ − B¯µρǫρ) + H¯µνρǫρ, (6.18)
δφ = 0. (6.19)
Compared to (6.11), we can prove the correspondence of the gauge transformation between them. Especially
we just derive this nontrivial gauge transformation on bµν from the standpoint of superstring field theory.
Moreover we have to note that the coefficient of β˜−1/2γ−1/2 in (6.3) corresponds to the gauge transformation
of the trace of gravitational field h because the gauge transformation of φ is zero and we can choose the
scalar field arbitrarily, so that we can replace φ with h− 4φ (see also section 4). Therefore as the coefficient
of β˜−1/2γ−1/2, the gauge transformation of h appears.
7 Conclusion
In this paper, we have constructed superstring field theory in the NS-NS pp-wave background. The con-
struction is based on the BRST first quantization of superstrings in this background. Here we have defined
the NS-NS sector of the low energy state using the modes based on the general operator solutions in our
previous paper. The characteristic point of the modes is coordinate dependence which plays an important
role, especially it enables us to reproduce the Christoffel symbol and the covariant derivative at the stand-
point of superstring field theory. Therefore we have proved the exact correspondence between the low energy
string field action and the second-order perturbation of supergravity action in the same NS-NS pp-wave
background. Moreover we have also proved the exact correspondence of the gauge transformation in both
the actions.
The work has a important meaning as the first step for the construction of superstring field theory in
some general background fields. Before the construction, we have to construct the low energy of the other
sectors namely R-R sector and R-NS (NS-R) sector. Then we can also prove the existence of supersymmetry
in the background, if we prove the exact correspondence between all the sectors of superstring field action
and all the terms of supergravity action in the same NS-NS pp-wave background.
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Appendix
A BRST transformations of free modes in the NS-NS pp-wave
In this section we represent the BRST transformations of free modes in the NS-NS pp-wave background.
First we write up the bosonic modes. The BRST transformations of α˜+n , α
+
n and α˜
k
n, α
k
n are
[QB, α˜
+
n ] = −n
∑
m∈Z
α˜+n+mc˜−m − n
∑
r∈Z+ε
ψ˜+n+rγ˜−r, [QB, α
+
n ] = −n
∑
m∈Z
α+n+mc−m − n
∑
r∈Z+ε
ψ+n+rγ−r, (A.1)
[QB, α˜
k
n] = −n
∑
m∈Z
α˜kn+mc˜−m − n
∑
r∈Z+ε
ψ˜+n+rγ˜−r, [QB, α
k
n] = −n
∑
m∈Z
αkn+mc−m − n
∑
r∈Z+ε
ψkn+rγ−r, (A.2)
which are the same as flat background. The BRST transformations of α˜0−n and α
0−
n are
[QB, α˜
0−
n ] = −n
∑
m∈Z
[
α˜0−n+m −
µ√
2α′
δn+m,0(JB + JF)
]
c˜−m − n
∑
r∈Z+ε
ψ˜0−n+rγ˜−r, (A.3)
[QB, α
0−
n ] = −n
∑
m∈Z
[
α0−n+m +
µ√
2α′
δn+m,0(JB + JF)
]
c−m − n
∑
r∈Z+ε
ψ0−n+rγ−r. (A.4)
Here we have to note that the BRST transformations of α˜0−n and α
0−
n contain both left modes and right
modes in JB and JF so that we cannot divide them into left and right. The BRST transformations of Aˆn, Aˆ
†
n
and Bˆn, Bˆ
†
n are
[QB, Aˆn] =
∑
m∈Z
[
−µ
√
α′
2
α˜+mAˆn − (n+m− µˆ)Aˆn+m
]
c˜−m +
∑
m∈Z
µ
√
α′
2
α+mAˆnc−m
+
∑
r∈Z+ε
[
−µ
√
α′
2
ψ˜+r Aˆn − iλ˜r+n
]
γ˜−r +
∑
r′∈Z+ε
µ
√
α′
2
ψ+r′Aˆnγ−r′ , (A.5)
[QB, Aˆ
†
n] =
∑
m∈Z
[
µ
√
α′
2
α˜+mAˆ
†
n + (n−m− µˆ)Aˆ†n−m
]
c˜−m −
∑
m∈Z
µ
√
α′
2
α+mAˆ
†
nc−m
+
∑
r∈Z+ε
[
µ
√
α′
2
ψ˜+r Aˆ
†
n − iλ˜†−r+n
]
γ˜−r −
∑
r′∈Z+ε
µ
√
α′
2
ψ+r′Aˆ
†
nγ−r′ , (A.6)
[QB, Bˆn] =
∑
m∈Z
[
µ
√
α′
2
α+mBˆn − (n+m+ µˆ)Bˆn+m
]
c−m −
∑
m∈Z
µ
√
α′
2
α˜+mBˆnc˜−m
+
∑
r∈Z+ε
[
µ
√
α′
2
ψ+r Bˆn − iλr+n
]
γ−r −
∑
r′∈Z+ε
µ
√
α′
2
ψ˜+r′Bˆnγ˜−r′ , (A.7)
[QB, Bˆ
†
n] =
∑
m∈Z
[
−µ
√
α′
2
α+mBˆ
†
n + (n−m+ µˆ)Bˆ†n−m
]
c−m +
∑
m∈Z
µ
√
α′
2
α˜+mBˆ
†
nc˜−m
+
∑
r∈Z+ε
[
−µ
√
α′
2
ψ+r Bˆ
†
n − iλ†−r+n
]
γ−r +
∑
r′∈Z+ε
µ
√
α′
2
ψ˜+r′Bˆ
†
nγ−r′ , (A.8)
which also contain both left and right modes. Here we distinguish the sum indeces r and r′ because of the
possibility that left modes and right modes belong to the different sector. Next we write up the fermionic
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modes. The BRST transformations of ψ˜+s , ψ
+
s and ψ˜
k
s , ψ
k
s are
{QB, ψ˜+s } =
∑
m∈Z
(s+
m
2
)ψ˜+s+mc˜−m +
∑
r∈Z+ε
α˜+s+r γ˜−r, {QB, ψ+s } =
∑
m∈Z
(s+
m
2
)ψ+s+mc−m +
∑
r∈Z+ε
α+s+rγ−r,
(A.9)
{QB, ψ˜ks } =
∑
m∈Z
(s+
m
2
)ψ˜ks+mc˜−m +
∑
r∈Z+ε
α˜ks+rγ˜−r, {QB, ψks } =
∑
m∈Z
(s+
m
2
)ψks+mc−m +
∑
r∈Z+ε
αks+rγ−r.
(A.10)
which are the same as flat background. The BRST transformation of ψ˜0−s and ψ
0−
s are
{QB, ψ˜0−s } =
∑
m∈Z
(s+
m
2
)ψ˜0−s+mc˜−m +
∑
r∈Z+ε
[
α˜0−s+r − δs+r,0
µ√
2α′
(JB + JF)
]
γ˜−r, (A.11)
{QB, ψ0−s } =
∑
m∈Z
(s+
m
2
)ψ0−s+mc−m +
∑
r∈Z+ε
[
α0−s+r + δs+r,0
µ√
2α′
(JB + JF)
]
γ−r. (A.12)
Finally the BRST transformations of λ˜s, λ˜
†
s and λs, λ
†
s are
{QB, λ˜s} =
∑
m∈Z
[
µ
√
α′
2
α˜+mλ˜s + (s+
m
2
− µˆ)λ˜s+m
]
c˜−m −
∑
m∈Z
µ
√
α′
2
α+mλ˜sc−m
−
∑
r∈Z+ε
[
µ
√
α′
2
ψ˜+r λ˜s + i(s+ r − µˆ)Aˆs+r
]
γ˜−r +
∑
r′∈Z+ε
µ
√
α′
2
ψ+r′ λ˜sγ−r′ , (A.13)
{QB, λ˜†s} =−
∑
m∈Z
[
µ
√
α′
2
α˜+mλ˜
†
s + (s−
m
2
− µˆ)λ˜†s−m
]
c˜−m +
∑
m∈Z
µ
√
α′
2
α+mλ˜
†
sc−m
+
∑
r∈Z+ε
[
µ
√
α′
2
ψ˜+r λ˜
†
s + i(s− r − µˆ)Aˆ†s−r
]
γ˜−r −
∑
r′∈Z+ε
µ
√
α′
2
ψ+r′ λ˜
†
sγ−r′ , (A.14)
{QB, λs} =−
∑
m∈Z
[
µ
√
α′
2
α+mλs − (s+
m
2
+ µˆ)λs+m
]
c−m +
∑
m∈Z
µ
√
α′
2
α˜+mλsc˜−m
+
∑
r∈Z+ε
[
µ
√
α′
2
ψ+r λs − i(s+ r + µˆ)Bˆs+r
]
γ−r −
∑
r′∈Z+ε
µ
√
α′
2
ψ˜+r′λsγ˜−r′ , (A.15)
{QB, λ†s} =
∑
m∈Z
[
µ
√
α′
2
α+mλ
†
s − (s−
m
2
+ µˆ)λ†s−m
]
c−m −
∑
m∈Z
µ
√
α′
2
α˜+mλ
†
sc˜−m
−
∑
r∈Z+ε
[
µ
√
α′
2
ψ+r λ
†
s − i(s− r + µˆ)Bˆ†s−r
]
γ−r +
∑
r′∈Z+ε
µ
√
α′
2
ψ˜+r′λ
†
sγ˜−r′ . (A.16)
The BRST transformations of free modes in NS-NS pp-wave background contain interaction between left
modes and right modes. The BRST transformations of ghost modes are the same as the flat background.
B Definition of Modes
In this section we define the modes based on the general operator solutions and the free mode representations.
First of all, we have to define coordinates of the center of mass z, z∗ and total momenta pz, pz∗. Here we
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define them as
z =
∫ 2π
0
dσ
2π
Z(τ, σ)|τ=0, z∗ =
∫ 2π
0
dσ
2π
Z∗(τ, σ)|τ=0, (B.1)
pz =
∫ 2π
0
dσPZ (τ, σ)|τ=0, pz∗ =
∫ 2π
0
dσPZ∗(τ, σ)|τ=0, (B.2)
where we defined PZ , PZ∗ in our previous paper as
PZ =
1
4πα′
eiµX˜
+ [
∂+f
∗ + ∂−g∗ + µ(ψ++λ
∗
+ − ψ+−λ∗−)
]
, (B.3)
PZ∗ =
1
4πα′
e−iµX˜
+ [
∂+f + ∂−g − µ(ψ++λ+ − ψ+−λ−)
]
. (B.4)
Here we construct z representatively. Now we consider the case of τ = 0, so that z becomes
z =
∫ 2π
0
dσ
2π
e−iµX˜
+(σ) [f(σ) + g(−σ)] . (B.5)
Then we have to consider the factor e−iµX˜
+(σ). Replacing n→ −n to the right moving mode, in the case of
τ = 0, X˜+(σ) becomes
X˜+(σ) = α′p+σ + i
√
α′
2
∑
n6=0
1
n
(α˜+ + α+−n)e
−inσ, (B.6)
so that the factor e−iµX˜
+(σ) becomes
e−iµX˜
+(σ) = e−iµˆσ
∏
n6=0
exp
[
µ
√
α′
2
1
n
(α˜+ + α+−n)e
−inσ
]
. (B.7)
Here we define Ξ(σ) for convinience as
Ξ(σ) =
∏
n6=0
exp
[
µ
√
α′
2
1
n
(α˜+ + α+−n)e
−inσ
]
=
∏
n6=0
∞∑
k=0
1
k!
(
µ
√
α′
2
)k [
1
n
(α˜+ + α+−n)
]k
e−inkσ , (B.8)
where we expand Ξ(σ) in the last line of this equation. Here we also define
ξn,k =
1
k!
(
µ
√
α′
2
)k [
1
n
(α˜+ + α+−n)
]k
, (B.9)
Here we have to note that ξn,k=0 = 1 is very important property. Therefore we can rewrite the factor e
−iµX˜+
as
e−iµX˜
+
= e−iµˆσΞ(σ) =
∏
n6=0
∞∑
k=0
ξk,ne
−i(µˆ+nk)σ . (B.10)
So that z becomes
z =
∫ 2π
0
dσ
2π
e−iµˆσΞ(σ) [f(σ) + g(−σ)] . (B.11)
30
Substituting the free mode representations of f(σ) and g(−σ), the factor µˆ vanish and finally we can obtain
the following:
z =
√
α′
∏
n6=0
∞∑
k=0
ξn,k(Aˆ−nk + Bˆnk)
=
√
α′(Aˆ0 + Bˆ0) +
√
α′
∏
n6=0
∑
k>0
ξn,k(Aˆ−nk + Bˆnk). (B.12)
Here we can obtain z∗ taking Hermitian conjugate of z. Now we consider the state of the coordinate
representation |x〉. Taking the expectation value 〈x|z|x〉, in this equation, the second term vanish so that in
substance we can define z and z∗ as follows:
z =
√
α′(Aˆ0 + Bˆ0), z∗ =
√
α′(Aˆ†0 + Bˆ
†
0). (B.13)
Similarly substituting the free mode representations, we can obtain pz∗:
pz∗ =
i
2
√
α′
µˆ(Aˆ0 − Bˆ0) + 1
2
∏
n6=0
∑
k>0
ξn,k
[
i√
α′
(nk + µˆ)(Aˆ−nk + Bˆnk)−
√
2µ
∑
r
(ψ˜+r λ˜−r−nk − ψ+−rλr+nk)
]
.
(B.14)
Taking expectation value 〈x|pz∗|x〉, the second term vanish so that we can also define
pz∗ =
i
2
√
α′
µˆ(Aˆ0 − Bˆ0), pz = − i
2
√
α′
µˆ(Aˆ†0 − Bˆ†0), (B.15)
in substance. Therefore we can write Aˆ0 and Bˆ0 using z and pz∗ as follows:
Aˆ0 =
1
2
√
α′
(z − 2iα′µˆ−1pz∗), Bˆ0 = 1
2
√
α′
(z + 2iα′µˆ−1pz∗), (B.16)
so that these modes behave as the harmonic oscillator. Aˆ†0 and Bˆ
†
0 are defined by taking the Hermitian
conjugate of them. Next we define the modes ψ˜z−1/2, ψ
z
−1/2, their Hermitian conjugate and ψ˜
−
−1/2, ψ
−
−1/2.
First we can define the modes generally as follows because of the (anti)periodicity of ψµ±(τ, σ).
ψ˜µr =
1√
α′
∫ 2π
0
dσ
2π
eirσψµ+(σ
+, σ−)|τ=0, ψµr =
1√
α′
∫ 2π
0
dσ
2π
e−irσψµ−(σ
+, σ−)|τ=0, (B.17)
where r ∈ Z + ε where ε = 0 for Ramond sector and ε = 1/2 for Neveu-Schwarz sector, and we consider
τ = 0. Here we consider ψ˜zs representatively. Substituting the free-mode representations, ψ˜
z
s becomes
ψ˜zs =
∫ 2π
0
dσ
2π
∏
m 6=0
∞∑
k=0
ξm,k
[√
2
∑
r
λ˜re
i(s−r−mk)σ − iµ
√
α′
∑
r,n
ψ˜+r (Aˆn + Bˆ−n)e
i(s−r−n−mk)σ
]
. (B.18)
Calculating the integral we can make the Kronecker’s delta and taking the summation over r the equation
becomes
ψ˜zs =
∏
m 6=0
∑
k=0
ξm,k
[√
2λ˜s−mk − iµ
√
α′
∑
n
ψ˜+s−n−mk(Aˆn + Bˆ−n)
]
. (B.19)
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Here only in the case of k = 0 and n = 0, the state created by ψ˜zs<0 can become the eigenstate of Hamiltonian
H = L˜0+L0 whose energy eigenvalue is (−s) namely Hψ˜zs |0〉 = −sψ˜zs |0〉 therefore we can practically define
ψ˜zs as
ψ˜zs =
√
2λ˜s − iµ
√
α′ψ˜+s (Aˆ0 + Bˆ0). (B.20)
Similarly substituting the free-mode representations, ψ˜−s becomes
ψ˜−s =
∫
dσ
2π
[∑
r
ψ˜0−r e
i(s−r)σ − iµ
√
α′
2
∑
r,n
{
λ˜†r(Aˆn + Bˆ−n)e
i(s+r−n)σ − λ˜r(Aˆ†n + Bˆ†−n)ei(s−r+n)σ
}]
.
(B.21)
Here we make Kroncker’s delta symbol by integration over σ, and carrying out the summation over r, we
can obtain
ψ˜−s = ψ˜
0−
s − iµ
√
α′
2
∑
n
[
λ˜†n−s(Aˆn + Bˆ−n)− λ˜n+s(Aˆ†n + Bˆ†−n)
]
. (B.22)
Then only the case of n = 0 mode can become eigenstate of Hamiltonian, therefore we can define practially
ψ˜−s = ψ˜
0−
s − iµ
√
α′
2
[
λ˜†−s(Aˆ0 + Bˆ0)− λ˜s(Aˆ†0 + Bˆ†0)
]
. (B.23)
Finally using the coodinates z and z∗ defined in (B.13), we can obtain the following equations:
ψ˜zs =
√
2λ˜s − iµzψ˜+s , ψzs =
√
2λs + iµzψ
+
s , (B.24)
ψ˜−s = ψ˜
0−
s −
iµ√
2
[zλ˜†−s − z∗λ˜s], ψ−s = ψ0−s +
iµ√
2
[zλ†−s − z∗λs]. (B.25)
These modes play an important role for construction of the low energy string field action.
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